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STATISTICAL LINE BROADENING IN PLASMAS* 


H. K. WIMMEI 
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(Received 29 June 1960) 


Abstract—-This paper considers certain fundamental questions encountered in theories of line broadening 
It is not so much a contribution to calculational techniques as an attempt at understanding some of the 
approximations which have been made in more compact and practical approaches to the subject. Its outlook 
is limited inasmuch as it deals only with the statistical type of line broadening theory 

The conditions under which ion broadening of spectral lines emitted from neutral atoms in plasmas 
can be described by the statistical theory are investigated by studying the fluctuations of the electric microfield 
acting on a radiating atom. Classical paths and absence of interaction between perturbers are assumed 
The Fourier-integral formula for the line shape reveals three effects that cause deviations from the statistical 
line shape. Two of them, diabaticity and radiator rotation, are negligible compared to the third, whenever 
the total deviations are sufficiently small. The third effect, which may be called a phase-shift effect, arises 
from the frequency modulation in time and the loss of phase coherence occurring in a characteristic time 
T'g(F), the latter being related to the mean life-time 7;-(F) of a given electric microfield F. The correlation 
function of the spectrum is written as a double ensemble average: first an ensemble average is taken over 
the frequency shift as a function of time for ¢ + 0, with the initial frequency shift at 7 0 held fixed, and 
subsequently the expression thus obtained is averaged over all possible initial frequency shifts. On repre- 
senting the correlation function by a Taylor expansion in time, an expansion for the line shape is obtained 
that satisfies the wing theorem and likewise reduces to Holtsmark’s line shape for high densities and low 
temperatures. The first-order correction to the statistical line shape is evaulated numerically; it vanishes 
near the maximum of the Holtsmark line shape (reduced fieldstrength 1-6), while the maximal 
deviations occur in the ranges 8 = | and 8 & 3, the overall effect being an intensity shift towards larger 
values of 8. The average absolute magnitude of the correction reaches 38 per cent and 16 per cent for the 
lines He and H~ at 7 10° °K and njop, 10"* cm * in the range 0-6 < 6 10; however, in these examples 
diabaticity and radiator rotation are not negligible and may actually alter the magnitude of the correction 


1. INTRODUCTION 
STATISTICAL theories of pressure broadening of spectral lines have met with considerable 
success when applied to gases of high densities or the case of long-range interactions 
exerted by perturbing particles of low speed. HOLTsMARK" developed the first theory of 
the statistical type for line broadening by electrostatic interactions between radiating and 
perturbing particles. The concept was extended to more general types of interactions by 
MARGENAU, KULP, KUHN and LONDON? *, who considered perturbations of quantum- 
mechanical energy levels rather than frequency shifts induced by force-fields; this general 
theory allowed the application to line broadening by van der Waals interactions. The name 
Statistical theory of line broadening now characterizes those theoretical treatments which 


follow this general scheme by accounting only for the quasistatic effect of the perturbations 
and by computing spectral intensities within a line from the probability densities for the 
occurrence of the appropriate perturber configurations. 

Under a wide range of conditions the shape of a spectral line that is emitted from atoms 


* Supported by the Air Force Office of Scientific Research and the Office of Naval Research 
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a plasma Can De CAT lained by the combined effect of Stark broad ning by ions and 
Ordinarily the ton broadening is treated by a statistical theory, while the 


broadening by electrons is accounted for by an impact-type theory. The use of these two 


theories and the fashion of combining them involve so many simplifications of the physical 


n that it becomes very difficult to estimate the magnitude of the error in the 


cal result for the line shape thus obtained 
st approach to this problem it appears useful and necessary to investigate the 
mations used and the errors thus produced separately. Such preliminary 
will resolve son f the complexities of the general problem of interaction broaden- 
ng which of those approximations are especially drastic, and 


nent of more refined theories of plasma line broadening than 


tended to contribute to this distant goal. It pursues a twofold 
better understanding of the basic assumptions underlying the 
a quantitative estimate of the range of 

Stark broadening by ions in a plasma 

recent refinements” of plasma line 

easily be adapted to different broadening 

t seems especially suitable as an 


e above philosophy broadening by 


Description of the radiating 
ivistic Quantum mechanics; classical 
ed ‘perturbers’) and their fields and ol 

especially neglect of the Doppler effect 
the form presented by BARANGER'” Is 
equation (2). In addition, interactions 


d the electrons are replaced by 


two ways 

varies ‘slowly 

mportance 

the Fourier-integral formula 

gie Stark Component o! a line, Le 


seems proper and, asymptoti 


the radiator l omit 
yt the radiators 
tatistical approximation has been 
of either binary collisions or scalarly 
while the present paper is concerned with 
) that shows linear Stark effect in an electric 
fa plasma. Another advantage of the present treatment 
validity condition for the statistical line shape accounts 
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To illustrate the crucial point of our analysis we add a few further remarks, in which 
we confine ourselves for the sake of simplicity to binary encounters, i.e., we assume for the 
time being that there exists around each radiator an effective volume in which not more 
than one perturber is present at the same time. Also we limit our concern for the time 


being to a single adiabatic Stark state of the upper energy level, neglecting the perturbation 


of the lower energy level. The quantitative analysis to be given later will of course not be 
subject to these restrictions. 

Of all perturber paths which successively cross the effective volume we now consider 
only those path elements (7*, r* \r) that produce a given electric fieldstrength F* at the 
radiator and, according to the statistical approach, thus shift the frequency of the spectral 
line by the amount w*~— o, — uF*/h, w, being the unperturbed frequency, and wu the 
electric dipole component in field direction of the adiabatic Stark state in question. By 
proper choice of |Ar| the fieldstrength F is then restricted to an interval AF about F*, the 
frequency © to an interval Aw — (u/h)- AF about w’. 

On considering the contribution to line broadening that is caused by a given path 
element of a single perturber with specified velocity v, one would expect approximate validity 
of the statistical approach if a Aw can be chosen such that the following two conditions are 
fulfilled simultaneously: (a) Fourier analysis of the finite wave train that is emitted while 
the perturber moves on the path element in question yields a spectral intensity distribution 
with a half-width small compared to Aw, i.e., Aw ~ At > 2=, where Af is the time interval 

A\r|y during which « falls in the interval Aw period. This condition yields a lower limit 
for \w; (b) At the same time Aw must be small compared to a frequency interval in which 
the statistical intensity distribution function varies appreciably; this determines an upper 
limit for Ac 

However, this argument neglects the question of phase coherence and, therefore, does 
not seem to be complete. For, according to the Fourier-integral formula one should not 
consider the broadening by a single perturber as an isolated effect, even if the interactions 
with different perturbers occur separately in time. In order to obtain the reduced correlation 
function, \.e., the correlation function referring to the given frequency « equation (20)', one 
must instead average, for the given path element (r*, r* + Ar), over velocity v and time of 
passage /, of all perturbers 

The reduced correlation function describes, for a given perturbation energy (frequency 
shift), the /oss of phase coherence with time of the emitted light wave. This coherence loss 


is caused by the fact that perturbers which produce exactly the same frequency shift «*—«, 
at different times ¢, produce different shifts at earlier or later times ¢ — f, because of the 
difference in their velocities v. If adiabaticity is guaranteed then the time interval 79(F) 
in which the loss of phase coherence occurs will be smaller than the time interval 7;(F) 
in which the field due to the single effective perturber in question varies appreciably. As will 
be shown in section (11.5) this holds not only for binary interactions, but for all fields 
f F,, where F, is the ‘normal field’ defined in equation (18a). To provide for 7% T; 
for smaller fields (/ F,) the condition of near-statistical broadening must be introduced, 
as given by equation (1) and (la) at the end of this section. 

It is interesting to compare this situation with the simple impact assumption of 
Weisskopr™. There one assumes that every adiabatic collision, i.e., every completed 
passage through a certain effective volume destroys coherence completely. Hence, the 
characteristic coherence time is identical with the average time interval between two 





Wise 


tual coherence times tor adiabatic inter 


are often much shorter, so that they may 

values of intera m energy, fieldstrength, and trequency shift 
nentioned in section (11.5), the concept of ent adiahatic« 
completed passages of a perturber, as elementary line-broadening 


} 


leg te reed 
MOUUAGLOC TOT Char kes 


perturbers even in the frequency regions 
The difficulty does not arise with weak (diabatic) 


responsible for line broadening by electrons at higher 


ai line shape was ice f fe because 

was omitted and arbitrary time intervals 

coherence times 7 lo give a simple 

correlation function to the picture of an 

coherence time (*) describes the extension in time 
frequency « While using this picture, it must be remembered 


relation function nor the light wave chosen as an illustration 
mssion act re | single radiator, but describe coherence 
hastic cooperation of all perturbers and radiators 

this illustration ind later confirmed by detailed analysis 
following two conditions will guarantee near-statistica ine 
the statistical theory: (A) The quantity \o( 74) 


ve coherence time, must be small compared 


ippreciably. This implies 


the fluctu ition ft 


the finite extension / - trains must not be larger than 


(la) 


say that tl Na oherence loss must occur in a time that 1s 
» the field fluctuation », but /ong compared to the reciprocal Stark shift 


) and (la) are practically equivalent in the 


or adiabatic and near-statistical line broadening ts 

broadening by linear Stark effect. In section (I1.1) the line 

¢c broadening ts derived from the Fourier-integral line shape formula 
hat cause deviations from the statistical line shape are investigated in 


The relation between coherence times and characteristic field fluctuation 


discussed in section (11.3), while a simple adiabaticity condition its presented in 


(11.4). The relations between the conditions of near-statistical broadening and 
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adiabaticity are discussed in section (11.5). The expansion of the line shape expression in 
terms of fluctuation moments and derivatives of the statistical line shape function in section 
(11.6) yields approximate formulas for the line shape that are useful for near-statistical 
broadening. In section (III) the evaluation of these formulas is carried out for binary 
interactions section (III.1) and in the general case of multiple interactions section (II1.2) 

Finally, in section (1V), numerical results for the deviation of the line shape from the result 
of the statistical theory are presented and discussed. In three appendices the vanishing of 
a certain second-order fluctuation moment is demonstrated (App. A), basic relations for 
an infinite set of Holtsmark integrals are listed (App. B), and the computed functions are 


tabulated (App. C) 


It. THEORY 
{diahatic line broadening 
We use the Fourier-integral line shape formula” in the form due to BARANGER‘” 


Accordingly the spectral intensity of emission per atom and second ts given by 


I (ww) (40)4/3c*) F (w). @ 0) 


with 
j 


Fim) = XD lim (22Ty'| | dre Lip) >? (2a) 


I a vu 


Here ¥);, ¥, are initial and final states of a radiator, and p is the electric dipole moment 
operator. The ensemble average indicated by Av refers to all possible motions of the 
perturbers. For convenience F(«) is often referred to as /ine shape, although the actual line 
shape is given by equation (2) 

By introducing the density matrix o(/) and the time-development operator T(/,, 4) 


defined by 
Tlt,, te) V(t) = Vt), Th. &) — T (ty, t) 


where the dagger denotes the adjoint operator 
equation (2a) is easily transformed into 


rT 
F(w) — lim (22T)*| | dt,dte 


'—+=« 60 
with ® represented by a trace 
(1), ts) Tri Ty, tol) el, (pels (4) 
where the indices i and f now extend over a// states of the radiator. However, if the 


summations are restricted to a finite number of states, equation (4) is still useful when 


inderstood as a symbolical expression. Clearly 
y= OO 


P (1, t, 


the star denoting the complex conjugate 
It will be shown in section (11.5) that, for very small deviations from the statistical line 


shape, collision-induced transitions between the adiabatic Stark states play a minor role 


and need not be taken into account. Although this ideal case is only approximately 
realized at ‘normal’ densities and temperatures (n = 10" cm *, T = 10* °K) we shall, for 
simplicity, make the assumption of adiabaticity henceforth. Therefore we specify our 
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ine broadening. \in evaluating 


an be considered to be in quasiequili 
$s quite large compared to a 


iccording to equation (25) we have ior n 1O* 


perturbers a fluctuation time 7, smaller than 


typical natural lifetime " ox since 


ave also 7, 
atural lifetime of an excited atomic state 


ige, depends only on (1,-/,), and, thus, ca 


irther the relatior 


< 


the line shape D\ 


or adiabatic broadening we use a mixed adiabatic representatior 
ollowing fashior The Hamilton operator (1) of a perturbed 


rthonormal set of adiabatic wave functions 


functions U,(0) and [ define ordinary and mixed matrix 


i/ “OA 


The matrices that are obtained in this way from the operator 


and so forth. Then equation (6) assumes the following form 


T(r) “Op” (TC (r)] rv 


tf) 
ion has the forn 


Trice™(O)p™ - pw (10) 


i.e., without first introducing 


This formula could of course have been derived more directly 


the time-development operator, by identifying the YA1) and Y,(1) of equation (2a) with the 
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U,(1). However, the presentation given has the advantage of allowing an easier comparison 


with the treatment by ANDERSON and BARANGER"” 
It is sufficient for our purposes to consider merely the transition between two single 


Stark levels i and f. The corresponding adiabatic correlation function is 


(p pip (O) > peyl dD} 4 (11) 


vith the understanding that p;,(0) and w;,(1)are given in the U,(0) and U,,(t) representation, 


respectively 


? ; ; ; ; j 
Rota ion effec and coherence lo 


Further insight in equation (11) is gained by passing over to a u,-representation in 


ccordance with equation (7) and (8). Then the correlation function becomes 
(Dp ; eAr ? 
(rf) ; udO) aia, (O) uy (t) wiudt) (12) 


According to this formula two mechanisms contribute to the decrease of |j;;| with time 
(a) A loss of phase coherence, which is caused by the random modulation of the radiator 
frequency by the field. This effect is represented by the exponential in equation (12); (b) 
Random variation of the direction of the transition moment in time. This effect occurs 
because the variation of the field orientation induces an equal change of the orientation of 
the Stark-eigenfunctions; it is represented by the inner product of the transition moments 
\ possible third mechanism, 1.e., collision-induced transitions between the adiabatic states, 
has already been eliminated by our assumption of adiabaticity 

If we write equation (12) for the case where only the /oss of phase coherence and the 
frequency modulation contribute, while the rotation its neglected, we obtain 


x 


(Pp; (1) 1dw hip (@ =Plori,\e 


with the phase shift 


(QO) dr (14) 


Here w « (0) is the frequency at ¢ = 0, and P(«;,) is the statistical frequency distribution 
function, i.e., the probability density of finding the atom radiating with the frequency 
while the statistical spectral intensity within a line is generally given by |uip(@)|* - Plo) 
equation (16)). In the original formulation of the statistical theory it has always been 
assumed that the transition moment is independent of the perturbation and, hence, of 
The average in equation (12) has been written as an average Av(O) for fixed initial frequency 

(0), averaged over all the different initial frequencies by the integrating over In case 
of linear Stark effect the dependence of uiy on wy may be neglected in first-order 
approximation 

It will be shown in the following sections that under the conditions considered in this 
paper, this simplification of equation (12) is permitted. Hence the /ine shape is obtained 
by substituting equation (13) into (5) 


x 


Fi(w) = (22) "| deir| pip(wir)\*Plo,-) « | dte 


0 +) 
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where, for convenience, the sign of the exponents has been changed in accordance with 
equation (6). For A¢ 0 the line shape reduces to the statistical expression 


Fi Ao) tip(m) = Pl): (16) 


but only formally, because A¢ 0 contradicts the assumption of the existence of a time- 
dependent perturbation, with which the general theory of line broadening starts. It 1s, 
therefore, the purpose of the following considerations to show under what conditions the 
statistical formula is still a good approximation even though the phase shift \¢;;(7) cannot 


be identically zero 


) field fluctuations and coherence times 

If the correlation time T. of the perturbing field is identified with the fluctuation time, 
or mean life, T; of a given fieldstrength, as defined by CHANDRASEKHAR and VON NEt MANN‘? 
then prevalence of the effect of phase coherence loss over the rotation effect is guaranteed 
if the fluctuation time is much greater than the phase coherence time, i.e., for T; Ty», both 
of which quantities depend on the instantaneous fieldstrength F. The exact definition of 
the quantities in question follows 

After CHANDRASEKHAR and VON NEUMANN‘? the mean life Tp of a given fieldstrength 


Fis defined as 
(17) 


> ensemble average Av(/) taken for fixed F. It is numerically equal to 
Ty 
with <(3) tabulated“ as function of % F/] Fe, 


} 2-603 Zen’. (18a) 


m ; 
0-3201 n ( ) (19) 
3kT 


for a Maxwell-Boltzmann velocity distribution (nm = number density, Z« ion charge 
n ion mass, F, the normal field) 


The field correlation time in question, 7., is defined as the time interval, starting at 


0, in which the ensemble average of the expression 
udQ) peu,(Q) u(t) Biudt) 
decreases by a factor of e, say. Strictly speaking, 7, differs from the ordinary field correlation 


tume since, for linear Stark effect, the expression in equation (12) contains only the change 


in direction of the field, not the change of its magnitude. T., by definition, differs also from 


the fluctuation time 7;; but for the present purpose of comparing the importance of the 


coherence loss with that of the rotation effect, the identification of both quantities is 
justified 
Similarly to 7., the phase coherence time 7% is defined as the time interval, starting at 
0, in which the absolute magnitude of the reduced correlation function 


M;,(t) Mi,*(-1) e447) (20) 


4¥(0) 
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contained in equation (13) and (15), decreases by a factor of e, say. The calculation of 7, 
under general conditions is complicated. Fortunately, however, it is sufficient for our 
purpose to calculate 7, in an approximate way and only for the case that Ty < Tr, as will 
be shown in section (5). The approximation employed consists of two steps. First we 


assume that for 1 Ty the standard deviation of \9;,;(1) is equal to _ 1.e 


Agis(T @) !*tarq) = 4 


Secondly, because of Ty < Ty, we assume that the field F(1) can be well described by 


of 
Fit) F(O) (QO) 
/ 


With the aid of equation (17) and 
Agi(t) — 2=h Yuu — uy) fF’) FO) dr’, 
0 


and with the approximation 


cf oF 


~s : (24) 


ctf cf 
which leaves the result correct within a factor V 3 according to CHANDRASEKHAR and VON 
NEUMANN," 7, can be obtained by straightforward calculation as 
1 - £ 
AT; 


hij Lyre 


Te* pil To Tr. (25) 


2 
Here vy and u,, are the electric dipole components in the field direction for the initial and 
final state of the radiator. The case ui — use need not be considered because the corres- 
ponding lines show no first-order Stark broadening. The condition 74 <7, for the 
prevalence of the effect of coherence loss over the rotation effect can now be expressed by 


To ( h ) 
T; 2| wig — ee | FT 


h 
2 hii hey FT» 


(26) 


where 7; is given by equation (18) and (19). Since equation (la) 1s identical with equation 
(26), which itself is approximately equivalent to equation (1), the equivalence of the two 
conditions given by equation (1) and (1a) has been established for the range of their validity 


4. Adiabaticity condition 
In considering small deviations from the statistical line shape, the effect of collision- 
induced transitions between the adiabatic Stark states may be neglected in comparison with 
the effect of phase coherence loss if the transition amplitudes remain small compared with 
1 for a time interval Ty 
To guarantee this for the Stark levels of the upper state one has to require that 
Ty 


(CH ict), 
| Edt)— Eft) 


elledd-2 (1 dy 
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Here he initial Stark level under consideration, and / any 


upper state for which f 


order approximation, / E. there arises no difficulty because there ts 


nd only one orthonormal set of functions uwdf) such that 


() (28) 


This IS a gene! ilizat on tor the 


(29) 
Condition (28) says that 
no transitions occur between 


following th has been 


near Stark effect ( ] “n-tike Wave 


constructed ie following 


nstantaneous 
on. Construct 


ime angle 


(31) 


nagnetic Quantum 
msl. Onthe 
difference of 


De seen trom 


(32) 


these two ta it follows that tn 
it our construc 


plitting between 


diabaticity condition equation (27) can 
constant during 7), while the exponential 
is sufficient to consider the integral in equation 
( and the matrix element (C€H/2ér),, can be 


fieldstrength so that we obtain 
| , 
PT 
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On writing equation (33) in terms of the electric field and atomic matrix elements 


i) 


specifically 


LEFT; 


equation (33) is transformed into the simplified adiahaticity condition 
U 


LiF Ty 


[he index | indicates the y-component of pw and F in the coordinate system introduced 
above, while the absence of an index indicates the z-component of p only, with F retaining 
its meaning as the absolute magnitude of the electric field. The error introduced b 
equating the right sides of equation (34) and (35) does not exceed a factor of \ 2. Equation 
(37) will be further discussed in the next section 

A similar condition may be derived for the Stark levels of the lower state. Since the 
maximum value of wt increases with the principal quantum number n, adiabaticity for al 


pairs of levels of the upper state will automatically guarantee the same for the lower state 


5. Condition of near-statistical broadening 


As has been shown in section (3), the two equations (1) and (la), originating from the 
requirement of near-statistical broadening, are practically equivalent to each other and 
equation (26). Moreover they insure that the effect of phase coherence loss prevails ove 
the rotation effect so that the latter can be neglected. In this section we shall establish 
addition, a close relation between the condition of adiabaticity, or rather prevalence of phase 
coherence loss over the effect of collision-induced transitions, and the condition of nea 
statistical broadening as given by equation (26). 

Suppose that equation (26) holds for all i and /, the principal quantum numbers of the 
upper and lower levels being fixed. This set of conditions is equivalent to the following 
one, which is obtained by replacing the factor | u Lyp| by |u |, with j denoting a Stark 


state of the upper level 


(3%) 


Since 74 T,, this insures the validity of the adiabaticity condition (37) for small principal 
quantum numbers n, for which ut and (uii— u,) do not differ largely in their orders of 
magnitude. 

Next we ask whether adiabaticity can be expected during one period of the exponentia 
function in equation (27), if the condition of near-statistical broadening equation (26) is 
not fulfilled. According to equation (18) and the tabulated values" of =(3), the left side of 


equation (26) is a monotonically decreasing function of the reduced fieldstrength 8, 
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ng infinite for > 0. and zero for 8 -—> @ Hence there will always be a range 
violated, while it holds for / F.. To have the 


f F_. one must require, in accordance 


F tor which equation (26) is 
oned sort of adiabaticity im the range 


equation that 


(39) 
and has been replaced by 


distinguished it # iS greater 


appropriate to pul 


(39) then becomes equivalent to 


(40) 


F,. Equation (40), though 


practically implies validity of equation (26) 


which we infer that for all / Fe 
near-statistical broadening 
the probability distribution for 


involved in equation (39) by 


(41) 


alidity of equation (26) tor / fk. 
follows: The condition of near-statistical 
adiabaticity im the same 
other hand adiabaticity 
oadening for this range ol 
idiabaticity for all 


No interenc in be drawn from 


adiabaticity 1s guaranteed even for the 

adiabaticity condition 

The reason seems to be that the latter 

a time 

turber distance of nearest approach, or even 

HANDRASEKHAR and VON NEUMANN" show 

hort lifetime. A\so the time interval for which 
lerently e., either as 7» or as 2= (wm td, ) 

a consequence of these results, it follows further 

which makes use of completed adiabatic binary, 

rcumstances for Stark effect broadening. For, as we 


al line broadening for / I which cannot be 
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described by an impact theory. On the other hand, fields smaller than F, come about by 
the simultaneous perturbation by many particles; hence an impact theory that makes use 
of adiabatic collisions cannot be valid in this range either 


6. Expansion of the line-shape integral in terms of fluctuation moments 


In the next sections we shall study the deviations from the statistical line shape unde 
the assumption that the condition of near-statistical broadening be fulfilled, as given by 
equation (1) and (la), or (26). This is justified if the deviations from the statistical line 
shape are very small. Consequently equation (15) represents the simplest line shape formula 
that is more general than the statistical formula itself. On explicitly introducing the 
assumption of linear Stark effect we may rewrite the /ine-shape formula (15) as 


x 


Fi(e) (2) ‘uy !*  dew-Ple,,)) dte Mit) (42) 


where M,,(1) is the reduced correlation function defined by equation (20), and all other 
quantities are explained in section (1) and (2). To get an approximate expression for the 


line shape in the case of near-statistical broadening, we shall expand the reduced correlatio: 


function M,,(7) in a Taylor series 


Wi(1) 


where the coefficients are given by 


M10): M4" (0) (44) 


Such an expansion is justified because the perturbing field is nearly constant in the time 

interval T» St S Tg from which the main contribution to the time integral in equation 

(42) arises. Also does it correspond to the way in which one usually derives the wing theorem 
e., to the method of stationary phase 


Denoting the time integral in equation (42) by 
K (« M(i)di (45) 


and substituting equation (43), we obtain for K(ai;,@) an expansion in terms of Dirac 


-functions and derivatives 


Kile . , , | ae Ly 
— (2 


” 


—_—, 


This equation is meaningful as a relation between generalized functions, as defined by 


’ 


LIGHTHIL! Substitution into equation (42) yields 


IN 


—_— \. 





functions has been suppressed. For 


(58) 





the latter being true because of AF(0) 0. By further observing that the time derivatives 


\ , , 
tf Fit) and AF(1) are identical. we obtain the following recursion formula time 


lerivative 


{t)) 
} 


vhich 1 


> 


inderstox to yield zero for » 
i... § Ihe first eight derivatives ha evaluated according to equation (59) 
ind their ensemble averages taken according to equation (52) 


iveraging, all terms 
at would violate the condition M,,(1) Mie" lrop ou Ci the corresponding 
probability distributions ne reversa 
(condition of quasi-equilibriun themselves 
are antisymmetric witli tf 


ffi ; 


( sult 


Here all averages are taken for fixed fieldstrength / ndice 
indicate derivatives with respect to time. One sees that the yrrelations 


hetween the time-derivatives of the field for fixed field / 


If we introduce the reduced fieldstrength 3 and 


is a ‘normal’ fluctuation frequency detined by 
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then the coefficients can be written in the following alternative manner 


b,, with 


where the upper indices in square Drackets denote the orders of derivatives with respect to 
Substitution of uation (62) and (63) into equation (50) for the /ine shape in the 3-scale 


crus 


coefhicients 4, this 1S a power series in (@p a, We have to consider 
that U [ 


e themselves contain negative powers of (@p/w.). A dimensional study 


of the recurrence formula (59) shows that the highest negative power of (@-/.) contained 
ma } 


coefficient 4,,.. (2 |, 2, 3, 4) is of the order (2 2v~— 2). Hence we obtain the 


m of equation (64) by considering only the term containing by, | 
(statistical approximation) we obtain the /first-ordei 


re nh-order approxunatin 


approximation by considering terms 


containing 4, to /,, and the second-order approximation from the terms containing 5, to 6, 


A slight dependence on «, and «@. which might be present in the averages for the derivatives 


of &(s) and their products has been neglected as unimportant 


in these considerations 
without proof 


yet this assumption appears plausible in dealing with the first few terms 
ol equation (64) 


The expansion (64) is the final form of our general formula for the near-statistical lin 
viape I he expansion parameter (ap & 


) is the ratio of a characteristic fluctuation frequency 


16 
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and a characteristic Stark shift and is connected with the quantities describing the state of 


(: to QDRKT h* 
P m ZLeF(ui— usr) 


Gu f - - 7 
0-53 108 . (66) 
a< (yZ)“An 


where 7 and n are temperature and number density of the ions, A their atomic weight, Z 


the plasma by 


their charge in units of the proton charge (not the atomic number), and y expresses the 
quantity (u )in units of ea,, with a, Bohr radius. The expansion is therefore good 
for low temperatures, high densities, large interaction energies (ionic charge, atomic dipole 
moment), and large ionic mass. If the motion of the radiators had been taken into account 
a further requirement would be that the radiator mass is also large. 

Of the other quantities contained in equation (64), the function H(%) and its derivatives 
describe the statistics of the reduced frequency %. On the other hand, the ensemble averages 
over the products of reduced time-derivatives of 8, that are contained in the expressions 
(63) for the 4,, describe the correlations between time-derivatives of the field for given 
fie'd F, or &, and include the dispersion and other moments of single derivatives. In the 
following we shall refer to these averages, and to those over the unreduced time-derivatives 
of the field F, as to the reduced and unreduced fluctuation moments. The use of these 
fluctuation moments is the characteristic feature of the approximation method that led to 
the near-statistical line shape of equation (64). 


lil. EVALUATION 
|. Binary interactions, shape of line wings 


It is desirable first to evaluate equation (63) and (64) for binary interactions, i.e., far in 
the wings of a line (8 —> ©) for the following reasons: While in the general case of multiple 
interactions (arbitrary 8%) only the first-order approximation to equation (64) will be 
considered, it is easy to compute first- and second-order approximations in the binary case 
This yields some clue as to how large an error the higher-order terms will introduce, not 
only in the binary case, but also in the general case {section (II1.2)}. We shall also be able 
to check the general result for multiple interactions by comparing its asymptotic expansion 
for large 6 with the binary result. 

If we denote the statistical line shape in the $-scale by Si;(8), the deviation from the 


3) - 
‘ ( *) A(8). 
Ws 


statistical line shape may be written as 


Consequently the relative deviation from the statistical line shape is given by 


Fir(8) — Sir(8) wp \* A(8) 7 
(67a) 
Si w>s/ H(8) 
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On substituting equation (67) into (64) and remembering that 4 , = 0, we obtain the 


second-order approximation for \(3) 


The binary expression for H(3) is identical with the first term of its asymptotic expansion™’ 


lor large 5, 1.€ 


H(3) ~ 1-4968 (69) 


Accordingly the derivatives are given by 


ly"(2n 
HS = r (70) 


J2n Yn 


The computation of the coefficients b, is done most easily by first computing the 
unreduced fluctuation moments contained in the coefficient c, and then applying equation 
(62). We derive first the time derivatives of the field F(1) which, according to the binary 
approximation, is produced by a single perturber of velocity v and initial position r, = (0) 


at? 0. We have 


with the abbreviation / F(O) and « 


restricting ourselves to / 0 we obtain 


Consequently the ni lerivative with respect to / turns out to de 


n'( Ze) - oye y sin (n [)x /SIN = 


The fluctuation moments contained in equation (60) are then obtained by first forming the 
products or powers ol the derivatives in question and then averaging over all speeds } 
according to the Maxwell—Boltzmann distribution and over all velocity directions by 


integrating over | x - with the weight function sin «. The necessary integrations are 


1x 
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somewhat lengthy, but elementary, and are not listed here. The final result for the 


coefficients b, is in the binary case 


&® 
1350 — 84 
Gy 


@® ‘ @® 
55986 ( : B° 1260 ( Bo (76) 
&® ’ 


F 


Substitution of these coefficients in equation (68) yields the following expression for the 


relative deviation from statistical line shape for the case of binary interactions 


-E& aid IRRS 
“if bin 


440 392 953 wp \4 3/ ¢ 
g-< oO} 8-3 
8192 G5 Wes 


general result in the 


a 


The applicability range of this equation will be established from the 
8 = 10° (we/<), since 


next section. If the formula is applicable, the first term is useful for 
then the second term is smaller than the first. The first term itself is smaller than 0-06 for 
which means that the formula is good only for deviation smaller than 6 


this range of 8, 
per cent from the statistical line shape. For binary interactions equation (77) also demon- 


strates, by its dependence on 8, the wing theorem and the fact that the statistical theory 
becomes better and better for decreasing temperature and increasing density because of its 


dependence on (@-/,) and equation (66). 


General case of multiple interactions 
We shall now evaluate the deviation from the statistical line shape for multiple interaction 
According to equation (68) we have 


h. G® 3 b » 4 
+ *) H 8) (| ‘) H (48), 
3! Ws 4! Ws 


in first-order approximation. 


» (CF Pave 9) 


(Fw; i 


To simplify these expressions further we must introduce a Cartesian coordinate system 
(E, , ©) whose &-axis is parellel to the direction of F F(0), while the other axes are not 
specified. Since this coordinate system does not rotate with the field, in contradistinction 


19 
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he coordinate system (x, », 2) introduced in section (11.4), we have to distinguish between 


nd -. whet 0. From the definition of F we obtain the general relations 


On putting F(O) 0, O) this reduces to 


‘«} 


On observing that the ensemble average of /.‘~’ for fixed F is equal to zero (see Appendix 


and using the equivalence of the and ~—direction we obtain 


(8Sa) 


The two fluctuation moments have been transformed by CHANDRASEKHAR and VON 


NEUMANN" into expressions containing only one-dimensional integrals 


45 , 4 R(3) 
(wpk,)- 


16 


Sint syvjd) 


Rte) , in ae 3) 4ycoos( Sy) ds 
The following relations are useful 


"ix Hix)jda 


2) xO(x)da 


) 
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The connection between Chandrasekhar and von Neumann’s functions (3), /(%), G($) and 
ours is simply 
QO(3) = 8 *G(3); R(S) *1(3); (92) 
3H(3) 
Q(B)” 


(92a) 


while the constants a and 4 used by those authors are connected with Fy and w, by 


45 ; 
ab 3 (we). (93) 


Substitution of equation (86) and (87) yields the coefficients in the form 
45 w, O(3) — R(S) 
8 Gy H(3) 


Ws 3R(S) . 
(95) 
H(3) 


(94) 


By substituting these into equation (78) we obtain finally the relative deviation from the 


statistical line shape in the form 


with A($) given in first-order approximation by 
iS | 
\(3) {H(3)0(8) — | H(3) + }3H(3) R(S)} (97) 
16 H(3) 
To check this formula we may use the following asymptotic expressions (see Appendix B), 


valid for 8 —> » 


15 
H(8) ~ — (2ny*8 °,” (98) 
4 


from which we obtain the asymptotic expressions for H(3) and H‘(3) by differentiating, 


and 


4 
Q(8) ~ 2(2=8)*; R(8) ~ , (275) (99) 


in accordance with CHANDRASEKHAR and VON NEUMANN®”. On substituting these 
expressions into equation (97) we obtain exactly the first-order term of equation (77), 1.e., 
the corresponding expression for the case of binary interactions. The validity range of the 
binary formula (77) is practically determined by the error introduced through the asymptotic 
expressions for H(8) and H (8). Comparison of the first and second term in the 
asymptotic expansion for H(3) leads to the conclusion that equation (77) will be applicable 
for 8 7 

Formulas that have proved useful in evaluating A(3) numerically are listed in Appendix B 
For 0 < & < | Taylor expansions of the functions H®, H™, Q, R were used for numerical 
computation. In the interval | < % < 10 it was found useful to transform equation (97) 
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Fig. | The functions \(3) and [.\(3)/H(S)] for the absolute and 


tatistical line shape 


negligible under the indicated conditions. By taking into account the thermal motions of 
the radiators, which we had so far neglected, the average deviation percentages will be 


ncreased, while the dependence of the deviation on 4 may be more or less altered 


Taste |. NUMERICAL RESULTS FOR FOUR BALMER LINES « HYDROGEN 


at 7 io* AND fi. 10 


S ihe 
the upper Stark sta 
Average absolute 


The discrepancy between the statistical and the prese roximation may be less 
important for the result of a line shape calculation that takes into account broadening by 
both ions and electrons if the different errors introduced by the approximate treatments 
of both effects happen to cancel one another partially. Since it is not known whether the 
errors will actually cancel or rather add to one another, further investigations will be 


required to decide this question 
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mation for the deviation from the statistical line shape 


T,-) varies slowly wit! for 3 1. wt will often be 
| through the relatior 


(103) 


expression for 


(104) 
n (104) yields 


shape is no longer guaranteed 


, 
wledged. Ihe 


(A.1) 


given by the sum of all single 


(A.2) 


(A.3) 


he second time-derivative 1s 
(A.4) 


npatible with F and over allv,. It suffices 


For the Maxwell—Boltzmann velocity 


de taken Over 


(A.5) 


0 (A.6) 


e average over all v,. Since we have made no use of the fact that 


--axis is parallel to the field (at 0), equation (A.6) holds likewise for the »- and 


E-component of F), and consequently 


(A.7) 
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APPENDIX B. Holtsmark integrals 
The functions (8), Q(%), R(S) etc. are all related to each other. This is seen 
most convenient way by introducing the following set of Holtsmark integrals 


~ 


sin(Sy)d 


cos(Sy)dy, 


The following relations hold 


where for convenience the argument 3 has been omitted. By partial integration we 


the recursion formulas 


(B.8) 
(B.9) 


Hence all Holtsmark integrals whose index is an integer or a half-odd-integer greater than 


(— 4) can be expressed as linear combinations of the four functions, Sp), S,, Co, C, 


The functions used in section (II1.2) can be calculated from the Holtsmark integrals 
by the following relations 
H 3 S,, (B.10) 
(B 1)) 
(B.12) 
(B.13) 


(B.14) 


(B.15) 


(B.15a) 
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where again for convenience the common argument of the functions has been suppressed 
These relations are easily obtained from the above equations for the Holtsmark integrals 
and equation (51), (88) through (91), (100) and (101) 

For small and large values of 
computation 


simple power-series expansions are useful for numerical 
By expanding the sine and cosine function in equations (B.1) and (B.2) and 
evaluating the integrals term by term one obtains the following Taylor expansions in 


(a 
, 


1)’ (= 2n )! 2s 
A 1)! : 
. Ly’ / (44 
(2k)! 


one uses instead the following asymptotic expansions 


(B.16) 


For 


large 


- 
(B.18) 


(B.19) 


be estimated by 


\ 2 f Ww+ti 
4 (B.20) 


is follows 


We define 


(B.21) 


(B.22) 
the first exponential factor we rotate the path of integration 
ingle of 6 e., put 


f, with f real 


(B.23) 
We then apply, fo il Taylor expansion of the exponential function in 
following forn 


(B.24) 
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where the remainder term is given by the integral representation 
Ry (x) 


Accordingly we write 


with 


* (9 Ra — it?) POE 


0 


dr 


By a further rotation of the path of integration through an angle of 30°, 1.e., 


T/6 . 
1 e's, with s real. 


the integral in equation (B.27) assumes the form 


(n+l 
e 


.4 . 
. (nn } mil ot? 1 + inn) 
whence finally S n -m )! ela +1)-4 3 ) 


Zim! 
nmi ) 


From this, the expansions in equations (B.18) and (B.19) follow at once 


(B.25) 


(B.26) 


(B.27) 


(B.28) 


putting 


(B.29) 


The absolute 


magnitude of the remainder term AK, ,, can be estimated by replacing the absolute 
magnitude of the integral in equation (B.28) by the integral over the absolute value of the 


integrand. On observing that 


Ryj( — it?) 


we obtain in this way 


yr AK ~ ii 
nM! ~ (Mf + 4)! | 


From this the remainder terms AS, ,, and AC,, ,, can be estimated by observing that 
AS, al | 
AC, al J 


AK, M\> 


which yields equation (B.20). 
For n | we have in place of equation (B.18) 


M 


. % ] 3 1): ("") = AS 
mm sin 3 a, . 
Z~ m! \2 4 _ 


m= 
where AS_, y can be obtained from equation (B.20). 


7 
zi 


(B.32 


(B.33) 
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lf only the asymptotic expansions, not the remainder terms, were to be derived, the 


lowing method which makes use of generalized functions would be more convenient 


According to LIGHTHILI 


Hex) »- en, (B.34) 


integer, while for a non-negative integer 


x 


| x” He(x) ’ v (B.35) 


Here He(x) denotes the Heaviside unit function, which ts equal to | for a 0 and O for 
0, and 4(w) is the Dirac 4-function. If we consider only positive @ 2 0 and 


| the above two relations may be written as one equation 


dy Y. : , U: gz (B 36) 


The use of this relation permits the expansion of the first exponential in equation (B.22) 
and integration term by term without prior change of the path of integration and yields 


the expansion of equation (B.29) immediately 


I1PPENDIX ¢ Vumerical table 


The calculated numerical values of the employed auxiliary functions are given in 


} 5 
lables 2 and 
AUXILIARY FUNCTIONS FOR SMALL VALUES OF 


H 


() i) 0) 

0- 89439 gis 0-08421 0-028 16 
S199! 156 016452 0-05553 
71586 ; 00-2375] 0-OR 139 
48275 ? 30067 0-10517 

0-95920 ; 3§259 0-12645 

0-34515 3324 39294 0- 14500 
182 42233 0- 16077 


TIONS FOR 


0 1-852 105 0 
10863 0-736 106 701 609 1-927 
452580 0-070 188 393 154 § 1115 
 7OR37 0-117 $26 103 905 0-023 
83009 0-0%% 945 3 047 309 0-059 
RRR17 0-O10 564 O12 584 0-016 
91959 0-003 491 003 $70 0-004 
77 0-001 356 3 OO1 185 0-001 
95137 0-000 601 6 000 455 0-000 
96017 0-000 296 0-000 196 0-000 
YHH6 | 0-000 158 0-000 093 0-000 


Qik 
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Il. EXPERIMENTAL APPARATUS 

4. The shock tube 

The shock tube used for these experiments’ was constructed of steel tubing of 3 in. 
inside diam. and } in. wall thickness. The low-pressure section was either 78% or 663 in. 
long, depending upon the experimental testing time required. The high-pressure section 
was 60 in. long. The end plate of the low-pressure section was removable from a threaded 
mount and contained a j in. diameter, j in. thick, Linde synthetic sapphire window whose 
surface was flush with the end wall of the shock tube. Velocity measurements were made 
by measuring the shock transit time between sputtered platinum thin film heat gages 
DuPont mylar diaphragms were used. With mylar, ultraviolet impurity radiation was 
negligibly small and the experimental scatter of measured incident shock velocities (u,) was 
reduced to about 4 per cent. The tube was cleaned between runs by flushing with high- 
pressure dry nitrogen gas discharged through a hose directed at the tube walls. During 


preliminary work the tube was cleaned with various solvents 


B. The gas-handling system 
The gas-handling system was constructed of copper tubing and solder fittings except 
that glass systems were used for analysis (cf. section C) and for bubbling Ar through H,O 


to produce the test-gas mixtures. The bubblers were connected to a 31. storage flask and 


to a steel mixing bottle containing glass beads. The steel bottle was attached to the 
system through a flexible metal line that permitted additional mixing of the gases by 
shaking. The driver gas for these experiments was helium 

The apparatus was evacuated through use of an oil diffusion pump and a mechanical 
forepump. A Philips gage was used for high vacuum measurements and was calibrated 
against a McLeod gage. The entire apparatus could be evacuated to approximately 5 10 


mm of Hg with a leak rate of about 0-02 u of Hg/min. A pressure of less than 10-* mm 


of Hg with a leak rate of about | u of Hg/min was considered satisfactory 


Concentration analysis 

Because of strong adsorption of H,O vapor on the metallic walls, it was found necessary 

to determine the test-gas composition for each run. This determination was performed by 
admitting test gas to the shock tube from the manifold while simultaneously withdrawing 
a sample from another tap in the tube. The initial test-gas pressure (p,) was recorded on 
precision Hg manometer. The analytical method involved freezing of the H,O vapor 
from a known volume of test gas. This H,O was then allowed to evaporate into a small 
calibrated volume and the concentration determined from the resulting pressure. A check 
on this procedure was performed by analyzing a |“, CO, — 99 Ar mixture. The compo- 


sition was determined with an accuracy of better than one per cent 


D. Electronic equipment 

The thin film heat gages mentioned in section A permitted the measurement of u, by 
triggering a Berkeley counter with a time resolution of | usec. The step-pulse signal at the 
heat gages was about | mV and was amplified by identical wideband amplifiers. Considering 
the transit time of an average shock (u, ~ 1-3 mm/usec) past a gage (width = } mm) to be 


about 0-6 usec, the total error in shock velocity measurement was less than 
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deflection with that from the OH emission during a shock-tube ru The image was 
produced with the optics shown in the schematic diagram in Fig. 2 

A General Electric 30A/T24/3 tungsten strip filament lamp with a regulated power 
supply was used as source. The filament had a useful area of 46 3mm. A quartz window 
was attached to the lamp through a graded tube seal. Each time the lamp was used for a 
calibration, the filament brightness temperature (7,) was measured with a Leeds and 
Northrup optical pyrometer which had been calibrated against a blackbody. A 50 c/s light 


chopper was placed next to the source aperture in order to permit the use of a.c. amplifiers 
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FiG. 2. Schematic diagram of the shock-tube exit optics and the calibratx ptics. This optica 


system was used for relative intensity calibrations and for converting observed intensities i 
absolute intensities. The source aperture limited the effective area (AAs). The exit 


aperture limited the shock-tube exit port area (A;-) and was pr r age ot the 


monochromator entrance slit at the shock-tube ¢ 


The lamp filament was first imaged (1:1) on an accurately measured source aperture 


of dimensions 1-519 = 0-003 1-527 + 0-003 mm. The aperture was then imaged at the 


shock-tube exit plane by the second lens. The resulting magnification produced an image 


larger than the exit port. The solid angle of the calibration beam exceeded that subtended by 
the shock-tube exit optics (AQ,). The lenses were carefully positioned according to their 
focal lengths at 3090A, thus producing a monochromatically aligned calibration system 


The aberrations introduced into the image at the exit port did not affect the accuracy 


of our experiments significantly since suitable corrections were made (see section ITT B) 


lif. EXPERIMENTAL PROGRAM AND DATA ANALYSIS 


4. Shock-tube measurements 


|. Experimental gas properties. Equilibrium computations of the gas properties behind 


the incident and reflected shocks (state functions) were made through use of relations 
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expressing the conservation of energy, momentum, and mass and thermochemical data 
relating to the chemical species present (Ar, H,O, OH, H,, O,, H, O)*. The computations 
were performed at the Rand Corp. with an IBM 704 program developed for the calculation 
of shock-wave parameters by Dr. R. E. Duff of Los Alamos’ 
The standard notation for state functions is used, as may be seen in Fig. 3. The subscript 
refers to initial downstream conditions; 2, to conditions behind the incident shock; 3, to 
conditions behind the contact surface; 4, to the initial upstream conditions; and 5, to 
conditions behind the reflected shock with speed u,,. We use p, and p, for total gas pressures 


ind p," and p.* for partial pressures of OH behind the incident and reflected shocks 
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Representative distance-time plot for the shock-tube experiments 


Che initial pressure (p,) and temperature (7), the incident shock speed (u,), and the initial 
test-gas composition are all that are needed in order to determine the equilibrium state 
functions 

All quantitative experiments were made with p, = 50 mm of Hg, and the final data 
used correspond to 0-67 to 1-40°%, of H,O. Computations were made for temperatures 
behind the reflected shock (7,) of about 3100 to 4400°K. For these values of 7,, the 
corresponding lower values of 7, indicate that the kinetics of the thermal decomposition 
of H,O is sufficiently slow” to justify the assumption that no significant reaction occurs 


(10) 


in the gas behind the incident shock. Estimates made on the basis of data given” show 


* The heat of formation of OH used was 9-27 kcal/mole 
Dr. Duff very kindly supplied us with a copy of his IBM deck. The author is grateful to the Rand 
rp. and in particular to W. Sibley, for assistance with the machine computations 


} } 
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that the time constant for the formation of OH is* about 8000 usec at 2000°K. Therefore. 
the state function computations were made by considering no chemical reaction to occur 
behind the incident shock whereas chemical equilibrium was assumed to exist behind the 
reflected shock wave. 
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FiG. 4. Temperature 7, behind the reflected shock as a function of incident shock speed u, 
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Fic. 5. Reflected shock speed us, as a function of incident shock speed u, 


Results of the calculations of 7,, u,, and p,* as functions of u, for p, = 50 mm of Hg" 


appear in Figs. 4-6. 


* Inspection of Fig. 5 of Ref. 10 indicates that the OH concentration profile as a function of distance 
behind a shock may be represented approximately by an exponential curve 
The variation of 7, and us, with small changes of p, is negligible. For example, with wu 1-3 mm 
sec and a 1° H,O test gas, 7, and us, decrease about 0-2% for p, varying from 50 to 45 mm of Hg. This 
decrease in p, causes a 12°, decrease in p,* 
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Qualitative data. Preliminary experiments were performed to determine (a) the 


presence of OH radicals in the shocked gas and (b) the presence of any impurities that 
radiate significantly in the region of the OH emission. Photographic spectra taken with 


the Hilger spectrograph established the presence of OH in the test gas. Further exploration 


f OH behind ther cted ’ s a function of incident shock 


speed 


of OH and impurity radiation was made through use of the JACO monochromator and a 
|P 28 photomultiplier. Runs were made at wavelength settings varying from 3070 to 3093A 
with a spectral slit width of 8 A both with and without H,O vapor added to the Ar. When 
the tube was properly cleaned and evacuated, the impurity radiation became negligibly 
small; on the other hand, H,O — Ar test gas produced an essentially linear intensity—time 
profile*. The effects of not cleaning the tube thoroughly after the preceding run (using 


* When the reflected shock intersects the contact surface we observe a change in the intensity-time 


profile and consider the useful experiment to be ended. The testing times of our experiments were limited 
about 160 usec or less in order to ensure the absence of intersection effects 
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mylar diaphragms) and of not pumping the tube for a sufficiently long time were found 
to be quite similar, both leading to high levels of impurity radiation. 

The Perkin-Elmer monochromator was used for quantitative runs since its dispersion 
exceeded that of the JACO instrument in the spectral region of interest and since the 
reduction of experimental data was simplified by the observed OH radiation corresponding 
as nearly as possible to the entire (0, 0)-band *& —> ?II transitions of OH. In addition, use 
of a wide spectral slit width minimizes any errors introduced by slight misalignments. Use of 
this instrument in Ar and Ar—H,O runs indicated that, for a | mm slit, the impurity level 
was still negligibly low. 

3. Quantitative data. A sample oscillogram obtained with the Perkin-Elmer instrument 
set at 3090A with a | mm slit is shown in Fig. 7. The oscillograms suggested that the OH 


gas was optically transparent and that the linear intensity rise was produced by the linear 








20 
a sec 


- 


Fic. 7. Oscilloscope trace for run 65 (1-15°% H,O, p 50-3 mm of Hg, us 7 mm/u sec) 


growth with time of the optical depth (partial pressure of emitter times geometric path 
length) ¥ = p.*u,,t for u,, = constant. Estimates of the transparency of OH under the 


conditions of these experiments (XY ~ 0-02 to 0-1 cm-atm, 7; ~ 3300 to 3900°K, p. = 
11-12 


to 8} atm) made by using available estimates of line intensities and half widths‘ 


indicate that the gas should be transparent for most of the spectral lines 

The initial non-linear portion of the intensity—-time curves arises because a finite time 
is required to form OH from H,O behind the reflected shock wave. In Fig. 8, we show 
the reflected shock at position x L at time t = L/u,, after reflection. The gas at x x 
has now been in state 5 for a time f (L-x’)/u,,. The partial pressure of OH at this 
station is given by p,*(t'). If we let B; the average blackbody steradiancy and « = the 
integrated intensity of the observed transitions, then we obtain for the (axial) steradiancy 
(in erg/sec-cm*-sr) the following explicit relation in the isothermal, transparent-gas 


approximation 
*l 


B;°’ap,* | h(t’ )dx 


A 
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where p,*(t') = p,*h(t'), p,* is the equilibrium value of OH partial pressure, 4(0) = 0 and 
lim A(t’) An appropriate form for A(t’) is 1-exp(—1'/+) where + is defined as the time 


>= 
constant for the reaction (see discussion in section |). We obtain 


B = B;’ap,*u,,[t-~(l-e“*)] : (1) 
thus B By’ap.*u,(t-t) fort (2) 
B B;°ap,"u,,~(\/e) for t 3 (3) 


B= B;ap.*u,(t*/2s) for t (4) 


i 
Results obtained from equation (1) for s = 30 usec are plotted in Fig. 9. The shape of 
the curve obtained from equation (1) is seen to be similar to that of the oscilloscope trace 
shown in Fig 

4 convenient method for reducing the results of our experiments which does not depend 
upon detailed knowledge of the chemical kinetics relating to OH formation involves fitting 


a Straight line to the measured intensity-trme data. From equation (2) we may then 


obtain values for 2 B/B;°p,*u,A{t-t) that are directly proportional to the f-number. We 
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Fic. 8 Reflected shock coordinates 


n addition, estimate + from our data. Our estimates agree within about 20 per cent 
(10 


) values derived from the Los Alamos data 
lion proce dure 
In order to reduce the experimental data, we performed the following absolute 
calibrations 
(1) the fraction of the total intensity to which our system responded was estimated, i.e 


the instrumental slit function was measured 
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(2) an estimate was made of the absolute intensity of the source radiancy that is actually 
imaged at the shock-tube exit port and recorded by the detector: 


(3) the instrumental output was then related to the absolute incident energy flux. 


\ schematic diagram of the optical system used for intensity calibrations and for converting 
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Schematic diagram of the intensity—time profile for a chemically-reacting gas with 


characteristic time constant 


observed intensities to absolute intensities is shown in Fig If we let R; represent the 
total radiant flux (erg/sec) produced by heated OH, we obtain 
R, = [source steradiancy B, (erg/sec-cm*-A-sr)] 
[source solid angle A{2, subtended by the source optics (sr)] 


[source area AA, (cm*)] * [wavelength interval A? (A)] 


[intensity loss factor F due to quartz optics, off-axis rays, and the ratio of the shock-tube 


exit port area to the area of the image made of the source] 
[ratio Y of the intensity of the shock-tube data in mV per mV of the calibration intensity 
corresponding to B,] (5) 
The quantity R,; is related to the expression given for B in equations (1) to (4) as follows 
R, B « (solid angle subtended by the receiver optical system) 

(shock-tube exit area actually viewed) 


The effect of the slit function on equation (5) must still be considered 
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spaced mercury lines at 3131-8, 3131-6 and 3125-7A with a 1 mm slit width Value of 
D almost exactly equal to the value quoted above was obtained 

The prism dispersion at 3090 A was 2 44-7 A/mm: thus the base of the triangula 
slit function for the shock-tube experiments was 1-52 2 44-7 136 A. The sl 
function has been drawn in Fig. 10 together with data from the extensive tabulation of 


MM These relative intensity data will be 


relative intensities of the OH u.v. transitions 
discussed in section C. Since the slit function is triangular, its effect upon the calibration 
procedure is to make the wavelength interval A? in equation (5) equal to 4 of the spectral 
base of the slit function, 1.e., approximately 68 A 

Determination of the intensity loss factor F. Since the optics of the calibration bench 
have been aligned to fit relations derived from paraxial calculations, the computed source 
intensity per unit area imaged at the shock-tube end plane applies only in the limit as the 
exit area approaches zero. We correct for the finite area A, of the shock-tube exit port 


through use of the factor 
calibration intensity per unit area at the shock-tube exit plane for exit area A, 
lim calibration intensity per unit area at the shock-tube exit plane 
exit 
area 
In order to determine C, a set of accurately machined apertures of 0-95 to 10-5 mn 


diam. was placed at the shock-tube end plane. The calibration intensities per unit area 


were plotted as a function of the exit area and were found to be constant to within a few 


per cent for diameters less than about 5 mm. The value of C obtained was 0-83 


Another contribution to the loss factor comes from the reflection losses at the quart 
surfaces of the calibration bench. The fractional transmissivity Q of these optics 1s 
approximately equal to 0-792. Next we consider the fraction U of the source image at the 
shock-tube exit plane that falls within the exit port area A, 0-486 cm*. The magnification 
of the effective source area AA 0-0232 cm* was such that / 0-486/2-73 = 0-178 
We finally obtain / col 

3. Relation of shock-tube intensity data to absolute intensity calibration. We shall nov 
describe how the parameter Y in equation (5) was determined In order to insure 
reasonable lifetime for the calibration lamp, it was operated at its rated current of 30 a1 
resulting in a filament (source) temperature 7. of about 2090°K as measured by a pyrometer 


The source intensity at 2090° K was too low to permit a good absolute calibration at 3090 


Therefore relative intensity calibrations were performed at three other wavelengt 
3800, 3920 and 4120 A) for each run, and these relative intensity calibrations related 
to an absolute calibration at 3090 A after all runs had been completed. This absolute 
calibration was performed by operating the lamp at approximately 40 
] 2440°K 

We let R FB. AQ.AA~Ad erg sec and / the receiver signal in mV for an; 
calibration at 3090 A and 2440 K. Then R’,/ the absolute energy flux in ergs/sec per 
of receiver output. We also let / the receiver signal in mV for OH emission as measured 
from our shock-tube data. Thu e photomultiplier sensitivity and the electronic gai 


] 


did not change with time, (R’//.)/ the absolute radiant flux in e *c Corresponding to 


the OH emission from a shock-tube run. Since the gain and sensitivity actually change 


somewhat with time. the relative intensity calibrations were performed immediate! 


4] 
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The influence of the slit function upon this result is to replace 


> 


all OH transitions 
for which the slit 
function 1s non-zero 


by the expression 


all OH transitions 
for which the slit 
function is non-zero 


where S, is the integrated intensity of the J/th line at wavelength ) and where 3%,, is the 


wavelength of the monochromator setting. For the measured triangular slit function and 


> 2 


all OH transitions 


h, 3090 A, we may compute the ratio 


for which the slit 
function is non-zero 


all (0, 0)-band 

transitions ; 
from the tabulated relative intensities” (cf. Fig. 10). The variation of G with temperature 
over Our experimental range is negligible. The correct value of the integrated intensity 








(%» »)) of the (0, 0)-band is then given by 


v1 “x /G x /0°67 (9) 


0, 0) 
Using the values A, 0-486 cm* and AQ, 3-40 10-°sr, we obtain from equations 


(6), (7) and (9) 
f = 0-0398 R,/B=°p,"u,(t-s) (273/T;). (10) 


where B;° is in erg/sec-cm*-A-sr. The /-number may now be computed from our expert- 
mental calibration and shock-tube data through use of equation (10) together with the 


numerical relations given as equation (5b). The result of eight experimental determinations 
of f with 7. varying from 3330°K to 3925°K, the composition varying from 0-67", to 
1-40°, H,O, and p, = 50 mm of Hg is 


j (0-90 0-10) 10 


for the (0, 0)-band, *\ —» *II transitions of OH. The indicated 10° uncertainty represents 


the r.m.s. scatter of the shock-tube data 





r estimate 


published values for the f-number are 1-2 10°" (OLDENBERG and Rieke’), 


: 10-* (CARRINGTON™). The computation of these values 
ta involved the use of different heats of formation of OH (Af7/’) 
OH partial pressures. When converted to our value of 4H 

is reduced to about 1-0 lO-* and Dyne’s becomes 
value is only slightly increased, although accurate 
ated by his use of different flames 
ind Dyne produced OH radicals by heating H,O-O, 

o about 1400 to 1500°K. Densitometer records of photographic 

to provide the absorption coefficient profiles (P,) of 


intensities (S) were obtained through use of the relation 


P dv and were then corrected by extrapolation to “ zero intensity.” Carrington’s 


. 


~asurements arri with various H,-O, and propane—O, flames. The /-number 


vas measured by ve-of-growth ” method* in which the total line absorptions are 


» of absorbing particles relative line /-number) 


owth to an absolute curve of growth” then determines 

n the expression for the abscissa 
of our experimental accuracy is about 60 i.e (0-9 0-5) 
lifficult bf *xact figure because of uncertainties in the 
s error estimate arises from uncertainties in the state 


bration procedures, and shock-tube data and half arises from 


calibration source and with the definition of the shock-tube 


end to make 7. somewhat uncertain. (1) Reflected shock 
ssures n Ar lower than those calculated from the usual gasdynamic 
ybserved experimentally and predicted theoretically”. These corres 


~ 


(2) The OH formed immediately behind the reflected shock 
er temperature than the calculated equilibrium value of 7,. (3) It is 
ve populations of OH in the *2 state may be produced behind shock 
to occur in flames. This problem can be settled only by performing a 
lved population temperature measurement for the OH radicals formed 
e. We note that the first effect tends to make our computed /-number 
third effects tend to make it too large 

yf the first effect based upon Goldsworthy’s theoretical relations and 
er experimental references‘’” indicates an /-number increase of perhaps 20 to 40%. An 
nagnitude of the second effect made by calculating the temperature decrease 
equilibration of the gases after passage of the reflected shock leads to a 
f-number of roughly 15 The errors associated with possible chemi- 

t be estimated theoretically but are presumed to be small@® 


wth method and obtained a value about 10 
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Abstract—The appearance of forbidden spectral lines in a plasma yields a means of determining the plasma 
on density by measuring relative intensities or frequency shifts. A simple static analysis is applied to the 


He I lines 4'D-2'P and yields an ion density of 5 10'* cm * in agreement with other evidence 


lI EXPERIMENTAL PROCEDURI 
FORBIDDEN spectral lines are observed in the Stark effect’’. In a plasma, too, they appear 
with strengths depending on the ion densities. This paper presents a simple description 
of a typical instance and the general principles of its analysis 
The line in question is He | 4922 A, a 4'D-2'P transition, which in the plasma is 


accompanied by two forbidden lines arising from the transitions 4'P-2'P and 4'F-2'P, as 


indicated in Fig. |. Of the two, the latter is by far the stronger; its normal wave length 
is 4920-4 A 


The spectrogram, Fig. |, was obtained from a high purity Gerdien type 


arc which 
consisted of a quartz chamber approximately 3 in. in diam. and | in. long. Pure helium 
gas was introduced tangentially to produce a gas swirl along the chamber axis. The chamber 
itself had 5/16 in. openings at both ends for introducing the electrodes and to permit 
venting of the hot gas. Initially, pencil graphite electrodes, attached to } in. diam. graphite 
electrodes outside the chamber, were brought in contact inside the chamber. Thus the 
arc is struck and the pencil electrodes burn back to the larger electrodes in a few seconds 
After electrical equilibrium is attained, the helium arc burns along a column that ts } In. 
in diam. and approximately 3 in. long. The unit drew around 300 amp at 200 V 

Spectra obtained from the center of the arc column showed no impurity lines whatso- 
ever; in addition, high speed movies taken with a Fastax camera at 7000 frames per 
second revealed no perceptible plasma oscillations except in the vicinity of the electrodes 
outside the chamber. Moreover, spectra obtained over a distance of | in. along the column 
axis displayed a constant steradiancy as determined with a densitometer 

4 standard Bausch and Lomb 1-5 meter spectrograph (15 A/mm) was used to obtain 
the profiles of the helium lines. The spectrographic slit was oriented parallel to the chamber 
axis and an achromat served to project an enlarged image on the slit. As the source itself 
displayed a constant steradiancy over an inch of the column, it was possible to calibrate 


General Electric Company work performed under Air Force Contract AF 04(647)-269 
Yale University a ded by Al Force Office of Scientific Research 
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the film by using the helium lines themselves along with a neutral density seven-step filter 
placed over the slit. The profiles were obtained by densitometering the film and converting 
the transmission values to their corresponding intensities. 

The determination of the temperature posed a problem. The temperature could not be 
determined from impurity lines as none were present and the introduction of impurities 
would invariably lower the temperature. Atom-ion ratios could not be used since no 
helium ion lines appeared in the spectrum 

As it was certain that the helium plasma was at high purity, it was possible to determine 
the temperature once the ion density was determined. For this purpose a plasma 


do 


2P-4D 





RELATIVE INTENSITY 
(ARBITRARY UNITS) 





-20 


AX (ANGSTROM UNITS) 


Fic. |. Experimental line profile of He I, /, 4921-9 A, at a temperature of 19,000°K and a 
He density of 5 10** cm 


composition-temperature curve was constructed by use of the Saha equation and the ideal 
gas law. The method is described elsewhere“. The resulting curve is shown in Fig. 2 
As can be seen from the curve, once the ion density is known, the temperature is uniquely 
determined. 

In the absence of adequate experimental information relating Stark broadening of the 
helium lines to the ion density, i, the Inglis—Teller relationship was used to determine n 
As is well known‘* ®’, 

logyo/ 
where g* is the highest quantum number observed for a particular spectral series and n is 
the charge density. Originally, the relationship was derived for hydrogen, but it is equally 
applicable to the higher terms of helium and many of the alkali and alkali-earth elements 

In the visible-ultraviolet spectrum of helium, six series are observed, 2'P-n'S, 2°P-n'S, 
2'P-n' D, 2°P-n'® D, 2'S-n'P and 2°S—n®P. In the first two series, the disappearance of lines 
was masked by other series members; however, in the remaining four series, the highest 
quantum number observed was g* = 7, yielding an ion density of about 4 = 10'/cm* 
Perhaps unjustifiably, we have given n here the customary interpretation of 2n,,,, to take 
into account the electrons. Even though this is an approximate density, it is probably 
correct to within a factor of 2. Consequently we should expect the true ion density to be 
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between 3 to 7 10" cm 


Referring to Fig 
of 18.000-20.000° K 


this is seen to correspond to a temperature 
ll. SIMPLE THEORY 


In the following we gi 


ve a simple theory of shifts and intensities of these components 
der a static perturbation V’. For simplicity we assume that there is only one level (4'F) 
which transitions to 2'P can be induced by the plasma potential, '. The case of 


evels leads to cubic equations but can otherwise be treated by the same method 


Ina 


nosphere 


1 atoms 


nomogeneous tuume dependent field V is 


Fig. 3 where the notation to be used is explained 
are coupled to form a,T,° + a,‘¥,°. ang the levels 
and / The following results are obtained by simple 





Forbidden helium line in a plasma spectrum 


lhe intensities of the lines in the absence of V are given by 
he = cl fT °u'¥,dt|*? =r 


In, = cl f¥ Pu¥,dt|? = 0 


2 


In the presence of } 








Fic. 3. Levels and state functions for } 


Thus the parameter « can be obtained from measurements in two independent ways. For 


from the intensity ratio (2) 


(3) 


E A 


These results are well substantiated in Fig. 1; 


whereas 


Here we have simply taken the intensity peaks to be proportional to the intensities, 


which is proper because the lines will have approximately equal widths 
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the problem | ‘ater detail we must specify the form of V. Let it be EFz 


Stark potential produced by an ion field F. The states are hydrogen-like and can be 


aracterized by quantum numbers n, /, m for the one excited electron. The lower state is 


can be 0 and |. Hence the only D and F states which combine 
values of 0, | and 2. But } couples only states of D and F which 


there will be a different value of «. We define 


Hence our 


struction of a diagram showing the level 
ll as the possible transitions between them (Am 0 for 
perpendicular polarization). A proper sum over the different 


or all components 


ruce procedu ¢ of ave 
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We identify F with the “normal” field. 2-6 Zen’. and 


10" cm 


Thus it seems that even this simplified analysis yields useful results 


iit. VALIDITY CONSIDERATIONS 


For the following validity investigations we assume an ion density 7 


and a temperature 7 18000°K 

A question arises with respect to our choice of the “normal” field, / 2-6 Z en’ 
instead of the most probable field of the Holtsmark distribution, / 4:16 Zen At first 
glance, the latter seems more appropriate. The picture changes, however, if we take into 
account the mutual interaction of the perturbing ions and the screening of the ion fields 
by the electrons. On using BARANGER and Mozer’s high-temperature approximation for 
the probability distribution of the low-frequency component of the plasma field at a neutral 
point, one obtains for their parameters the values: r, 1-7 1lO-* cm: Debye lengtl 

4] 10° cm; hence r,/2 = 0-4. The most probable field in accord with that 
is f 2-9 Z en’, which is very close to the value of the “‘normal”’ field used above 

The simple static treatment presented in II is appropriate only if the variations in time 


of the helium wave function are adiabatic, 1.e., if transitions between the adiabatic solutions 


of the Schrodinger equation are unimportant. We use an approximate condition for 
adiabaticity given by MARGENAU and Lewis” as a criterion for the validity of the static 


approach. Accordingly, the quantity 2=Vz/h must be larger than | to guarantee 


adiabaticity. Here } . F is a characteristic value of the energy perturbation (1. atomic 
is a fluctuation time of the perturbing field defined in a suitable 


The 


| holds for degenerate levels, which exhibit linear Stark effect; but it car 


dipole moment), while 
way; under proper conditions, it can be understood as the duration of one collision 


condition ¢ 
also be applied to the Helium levels under investigation, since the separation of the 


unperturbed levels is small in comparison with the matrix elements of the most probable 


Stark perturbation. We have indeed 
Vos ‘ 7-25eFa, 2°458 2°5 erg, 11) 


according to equations (6) and (8). Hence, equations (1) and (6) show that the 


corresponding Stark shifts £;-E/’ (i 1, 2) are very close to the ones resulting for 
degenerate levels. Quantitatively, we have from equations (5) and (10) 
*) 
E? ~(a—I1) 2-48 10-” erg 
this compares well with the energy shift in a linear Stark effect which follows from equations 
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if binary collisions between a radiating 


on. On putting (cf. equation I1) 


binary collisions 

ne, many particle 

should be reformu 

eter (FF) may be 

na field F rather than 

i well-defined F-interval for 

the mean time of occurrence of / 


IN NUEMANN”. From 


consequence 


account 
Yet the 
not large 
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ABSOLUTE INTENSITY OF NON-EQUILIBRIUM RADIATION 
IN AIR AND STAGNATION HEATING AT HIGH ALTITUDES* 
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(Received 4 November 1961) 


Abstract—The paper presents some attempts to obtain the magnitude of the non-equilibrium radiation 
behind a normal shock for velocities up to 25,000 ft/sec in air. It is noted that the high non-equilibrium 
emperatures force one to extend studies further into the u.v. and ir. than required for equilibrium 
predictions of significant sources of radiation. For example, to ascertain that the total non-equilibrium 
radiation is less than 1 W/cm* requires measurements from several hundred angstroms to more than 10 

Measurements covering much of this region using (1) monochromator and ph« 
reported. At 23,000 ft/sec the 


ytocells, (2) bolometers, 

(3) photoelectric detectors, (4) spectrographs and (5) i.r. photocells are 
g t 

0.4 W/cm*-steradian in air initially at a pressure o 


‘ 


radiation integral normal to the shock is about 


20u of Hg most of the radiation originates within 5 cm of the shock front. We also report on calculations 


which show that the effect of ambient atomic oxygen at high altitudes does not introduce any pronounced 


changes. Application of the results to the problems of satellite heating is made 


I. INTRODUCTION 


It is the purpose of this paper to consider the intensity of radiation from the non-equilibrium 


region at the front of normal shocks in air, and to estimate the importance of this radiation 


on the calculation of re-entry heating 

A luminous front has been observed at the front of normal shocks in noble gases by 
KANTROWITZ and co-workers at Cornell University and LAPORTE and co-workers at the 
of Michigan.“’ Spectroscopic examination showed that this radiation spike 


University 
rhis radiation disappears 


consisted of molecular bands from impurities such as CN and C, 
is soon as the impurity molecules are dissociated in the high temperature shock. In air, 


molecules also give rise to the radiation front, but here the non-equilibrium overshoot of 


temperature plays a major role. 

The overshoot of non-equilibrium radiation at the front of strong shock waves in air 
has been known for some time.‘ Our early experiments showed that the intensity 
yvershoot increased rapidly with shock speed; however, because of poor experimental 
resolution, the magnitude of the radiation was poorly defined. Recently, we have used 
the 24-inch low density shock tube designed by S. C. Lin, which provides a sufficiently 
thick shock so that the radiation profile can be resolved. The results reported here, which 
give a quantitative estimate of the intensity of this radiation at velocities up to 25,000 ft/sec, 


should be considered preliminary 


One of the important features of the non-equilibrium radiation is that the integt 


rk was supported joint by Air Force Ballistic Missile D yn, Air Research < 

ind, United States Au I ree Alr Force Unit Post Office, Lo Angeles 45, ( al ! 
No. AF 04(647)-278; Advanced Research Projects Agenc nonitored by the Army Rocket and 
Missile Command, United States Army, Huntsville, Alabama 
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s independent of density and, consequently, altitude. Since the 
he shock front are determined by binary collisions (collisions 
nolecules), the non-equilibrium intensity is proportional to the 
nversely proportional to density. This leads to a stagnation 
if altitude—an effect we will call the “luminous front plateau 
at low altitudes by the more intense equilibrium radiation and at 
collision limiting ; * truncation of the radiation profile because 


detachment di se altitudes depend on the size of the re-entry 


Radiation heating of re-entering satellites of low performance may exceed the aero 


1amic heating. In a recent report’? we have discussed the equilibrium radiation heat 


to the stagnation point and noted the altitudes at which non-equilibrium effects 
become important. For satellite re-entry there are two reasons for the importance of 
radiation. First, a large nose radius enhances the radiation while decreasing the aerodynamic 
heating. Second, at high altitudes, non-equilibrium effects increase the radiation According 
to Rose," a radiation heat transfer level as low as | W/cm* is significant. This is 10" of 
the aerodynamic heating of a | ft radius sphere with 20,000 ft/sec speed at about 60 miles 
altitude 
‘sent recent experimental data by Camm which covers the spectral 
ultraviolet to the infrare at 8000 A. Work by Taylor which extends 
ar infrared will be described in section III. Section IV is a 
Teare of the effect of ambient atomic oxygen. Finally, in 
ry application of the results to the heat transfer problem 
tion, we present some preliminary theoretical considerations 
from the non-equilibrium region behind a normal shock and 
region which must be studied 
ation level of | W/cm* is possible. Fig. | shows results of a 
es behind a normal shock having a velocity of 0-716 cm, usec 
0-020 mm Hg. In the figure we plot the concentrations 
These are seen to start at zero and increase rapidly in a 
heir final equilibrium. Also shown ts the concentration of 
vershoots its final equilibrium value. While the atoms are being dis- 
re drops rapidly from 25,000°K, reaching 15,000°K at ~ |-5cm and 
We also indicate the radiation intensity from the first negative band 
itrogen molecule assuming the ions are produced by recombination 
that they radiate in local equilibrium at the translational 
known from past experience in pure nitrogen to predict too much 
: front of the shock but is used as a conservative upper limit in the absence 


‘+ The peak intensity is about 2 W/cm* and the integrated intensity ts 


> 


result is probably reduced by collision limiting To make this 


correction, we use the experimental’ de-excitation cross section 10-"cm*, and the 


adiation lifetime 2 10-* sec. With these values we estimate that collision limiting 
reduces the intensi N,*(1—) shown in Fig. | by about a factor 6. Consequently, 
we have a preliminary prediction of ~ 1W/cm* from this band system alone. Since there 


* Collision limiting urs when the particle density is so low that there are insufficient collisions to 
tes against the drainage by radiation 
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strong band systems many lesser ones, we conclude that a 
is tO be expected 

region th: nust be surveyed. Because of the low 

m temperature, we find that the region from several 


pe St udied 


integrated black body radiation for 10,000 K, 15,000°K 


i 


ves us a conservative but unequivocal limit. On the left we have 


as a function of wavelength, and on the right, from the far 1.1 


liation trom 20.000 black body can exceed W cm* in the 


pick t I 


INTENSITY (wotts/en®) 





emperatures. Also shown 


Cross-secuiol 


r. Other values can be read from 


one must push his knowledge into 


s essentially unchanged 


mitations which somewhat circumscribe the spectral region that 
finite number of collisions with sufficient 


we consider the 
This only increases the cut-off wavelength to about 700 A 


n assuming local equilibrium. The many 


t to the radiatio 


wells make our conclusions uncertain, but we conclude 


periments is reasonable 
we have considered the number of collisions which are 


ition. It turns out that we can cover the far u.v 


adiat 


t this limit is not vital. The main unknown tn the 


m* which may be considered conservative, 
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although there is experimental indication that this is not too large. Using the temperature 
distance data in Fig. 1, we have evaluated the following integral 
*] *=x 


EyikTy Pv 
[N]}*v O[e*"*] dE, dx 
Ey kT 


0 


. . 


Xv 


* is the particle density behind the shock 


where |, 10- cm 
3 x 10° cm/sec is the mean particle speed 
10- cm? is the excitation cross section 
is the temperature in eV 
hy hc/ is the radiation energy 


x is the distance from the shock front in cm 


Significant radiation for such high excitation energies can come only from the high 
temperature region near the shock front. We have chosen the upper limit L to be 2 cm, 
since the contribution to the integral for x > 2 cm can be neglected. Values for / as a 
function of 7 are plotted in Fig. 2. / reaches the value of 1 W/cm* at 4 x 670 A, 10 at 
860 A and 100 at 1400 A. Thus, even the smaller cross sections of 10-'® cm? and 10-*? cm? 
only bring the limit for | W/cm? to 860 A and 1400 A, respectively. 

The i.r. limit is more important because our current measurements do not go beyond 
~ 9u (section IIl). The upper limit in this case is obtained by assuming local thermo- 
dynamic equilibrium. The uncertainty in our calculation is a result of the unknown 
molecular states which give rise to infrared radiation and the corresponding transition 
strength. We must estimate the number of infrared molecular bands as well as their 
emission intensities. 

We first determine the emissivity or fraction of black body radiation and then compare 
this with the black body limits shown in Fig. 2. In order to assure that there is less than 
1 W/cm* being contributed from the i.r. region beyond 9u, it is necessary that the emissivity 
in this region be less than ~ 0-03. 

The emissivity from the front of the shock to thickness x is 


where uw is the gas absorption coefficient composed of contributions from many band 
systems. Thus 
LL 
with the density of absorbing molecules given by 
uu’ »—E /kT 
N; = ¥, IN] ec 
where ‘; is the fraction of the molecules which can radiate the i" band system and E 


is the energy of the absorbing state. The absorption cross section is given by 


OQ nr, f,/Av = 10-® f, cm* 


i 


where f/f; is the f-number for the i band system, r, = 2°82 10- cm is the classical 
electron radius, and we have taken Aj = 10° cm! assuming uniform coverage from 
; lOu to o. This value Av 10° cm~! is not a conservative assumption since the 


intensity will be slightly higher if the emission strength is concentrated at the shortest 
wavelength of interest. However, the distribution of molecular rotation will probably 
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given and preventing such concentralio! 


’ 


The amount of this smearing depends 


ange of the rotation consti B which ts inversely proportional to the moment 


B 
F-hc AB = kK] 
i 


ingular momentum quantum number. For a sharp band system \8/B may 


nali as | 20 (which occurs for the ( N violet system) which makes \/ 0-1 eV 


responds to the width we have taken (A) 1 cm"). It is possible that there 
unusually 


radiation may be increased a 


Band systems with strong radiation may 

since / x</iv and we are interested 

0-03 for strong bands in the far 1.1 

4y occur In and at energies E, ~ 8 eV and in NO at 

weak because of the high excitation energy. O, may have a weak 
” 


s should be ongly forbidden and have an /-value smaller 


ym ground State atoms 

which radiates in the ir. We estimate 

not ; the vibration states of each 
KT) 110 


butions possible from each molecule 


00-0024 
0 (aaw 
0-OD1s 


(eee 


ut 0-03 which will bring 
ny assumptions 


the conclusion 


MENTS LIBRILUM RADIATION FROM 
; SSTROMS 


+4 
1O”TK produced in a 4-inch shock 


of He and the shock speed 


produced is about 23,000°K, significant 
it wavelengths as far as 300 A in the 
section describes the measurements 
The measurements beyond 8000 A 
nirecated room air wa 

were displayed on Tektronix oscillo 


cameras. Care as taken that the 
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electronic rise times were always less than the rise times determined by the systen 
optics. 
The detectors used in making these measurements are described below under headings 


which indicate the wavelength regions in which they produced useful results 
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Fic. 3. Upper, schematic diagram of photoelectric gage 1 associated electrical circu 


Lower, typical oscilloscope trace of the output signal fron photoelectric gage 


300-1500 A-Photoelectric gave 


Tungsten and molybdenum were used as the active elements in photoelectric gages to 


measure the radiation intensity below 1500 \ \ schematic diagram of the gage and the 


associated electrical circuit is presented in the upper portion of Fig. 3. The tungsten target 


s9 





used in 
pointed 


© gage 


ut will be 


poundary 
ms irom 
J collected 


rel The 





Absol 


is about 2:5 mm, the electron flow fro the target to the Drass case was not impeded Dy 
the air molecules. Absence of space charge limitation was checked by increasing the bias 
voltage to 30 V and observing that identical results were obtained 

The observed u.v. radiation is within the upper limit estimates of section 
tentatively attributed the radiation to the A’ 'X > X'>d.* transition of n 


will be discussed in greater detail in a future publication by Hammerling 


2300-3500 A-Spectrograph 


\ Hilger / 4 quartz spectrograph was used to measure the radiation fror 
3500 A. Kodak type 103-0 spectrographic plates were used with an entrance s! 
The spectrograph was aligned with its optic axis perpendicular to the axis of 
tube and the radiation was observed through a fused 
thick. The window was mounted with the inside 
was left open from before the firing of the shock 
[his procedure appears justified due to the fact that monochromator 


discussed below indicate that all > detectable radiation is confined 


centimeters of the shock in this wavelength region. The resulting spectrum 


Fig. 5. A densitometer trace of the spectrogram is also presented in Fig 


—_ 


manufacturer's film specification the densitometer trace was transformed into 
spectral intensity curve, which is also given in Fig. 5. This curve was normalize 
intensity data at 3500 A obtained with a monochromator. The resulting spectral 
curve is plotted in Fig. 4 

Examination of the shock spectrum shown in Fig 
radiation is due to impurities either in the test gas or at 
experience with smaller shock tubes suggests that the 
no definitive tests have been made. In ; the 


of the spectral radiation intensity of 


3500-8000 A-Moy 


A, Bauscl 
spectral region 


optical systen 


itior [3 | aperture stop ¢ 
mounted flus ith the inside 


the shoc 


most 
calibrated using 

Bureau of Standards 

De Vos values for the et ivity of tungsten the black box 
ind the spectral transmission of the quartz window of the 
intensity of > shock from 3500 to 8000 A is presented 1 


We have made some measurements at other pressures 
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+ 


we compare traces 20u Hg and 100u Hg in which the sensitivity and sweep speed 


h 


ive been adjusted according to the binary scaling rule. The correctness of the binary 
scaling 1s substantiated by the similarity in the two traces. The dependence on shock 
; 


speed 1s Summarized in section \ 
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at, m-iU u sec 


ucal oscilloscope traces of the output signal from the monochromator, illustrating 


binary scaling 


1500—-10.000 A-Bolomete 


4 bolometer was used to measure the radiation from 1500 to 10,000 A. A schematic 
diagram of the bolometer is presented in Fig. 8. The active element is a vacuum-evaporated 
aluminum grid about 0-2. thick The resistance of the grid was about 200 2. To 
eliminate photoelectric effects, a 1 dielectric layer of SiO was evaporated over the 


grid and a 0-2u shield layer of aluminum over that. The resistance across the shield 
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was less than an ohm, which was low enough to prevent significant voltage changes on 
the grid (through capacitance) during the flow of photoelectric current across the shield. 
Since aluminum is highly reflecting a 0-4u layer of carbon was evaporated onto the 
aluminum shield. The reflectance of the gage was measured to be about 10% at wavelengths 
below | u and about 60° above. The bolometer was assembled inside a brass case which 
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SECTION A-A 
BOLOMETER DETAIL 


Fic. 8. Schematic diagram of bolometer and associated electrical circuit 


was equipped to take a quartz or calcium fluoride window. The calcium fluoride window 
was used for these measurements. The thermal delay due to the protective evaporated 
layers was computed to be less than 15 sec.“” The shield was grounded to the brass 
case, and the electrical circuit balanced so as to suppress any residual photoelectric effect 
The bolometer was mounted coaxially inside the shock tube and facing the diaphragm 
The electrical output was displayed on an oscilloscope and photographed. The sweep was 


triggered prior to the firing of the shock tube. A typical trace is presented in Fig. 9. The 


63 





D TEARI 


the shock radiation falling on the gage was constant for 
» the time the shock hit the gage. Details of the gage output during 


an oscilloscope trace with faster sweep than that 
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depending on the gage and electrical circuit. Inserting the 
1) the input radiation history, which is presented in Fig. 9 


lue to the driver gas Reflections by the walls ol the shock 
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tube account for some of the observed radiation, and some is due to impurities in the 
boundary layer of the shock and driver gas. Just before the shock strikes the gage the 
reflections from the shock are sharply reduced and the shock boundary layer radiation is 
outside the field of the gage; however, significant amounts of radiation from the driver 
gas and driver gas boundary layer may still be present. The final value for the heat input 
just before the shock hits the gage provides an upper bound measurement, which is found 
to be 0-45 W/cm*-sr. It should be noted that the bolometer has a finite absorptance in 
the infrared and, consequently, detects some of the radiation outside of the 1300 to 10,000 


\ region of highest absorptance. Infrared sources are discussed in section II] 


Discussion 


We have surveyed the measurements of non-equilibrium radiation between 300 and 
8000 A. Integration of this intensity distribution yields a value of 0-2 W/cm*-sr. This is 
consistent with the bolometer measurement of 0-45 W/cm*-sr if about one-half of the 
bolometer measurement is a result of impurity radiation from the boundary layer and the 
driver gas. Fig. 4 illustrates the spectral distribution at P, 0-020 mm Hg and shock speed 


6°S mm/ usec 


lil, PHOTOMETRIC STUDIES OF INFRARED RADIATION 
rhe availability of sensitive photoconductive detectors with fast response times now 
makes it possible to measure infrared radiation behind shock waves. Previous measurements 
in this laboratory have yielded information about the intensity of the continuum infrared 
radiation from equilibrium shock-heated air under conditions simulating the stagnation 


point in missile re-entry.“® !” 


The present work describes some preliminary intensity 
measurements of infrared radiation behind shock fronts in air under non-equilibrium 
conditions. 

Measurements of the radiation history behind the shock front were made over the 
wavelength range of 1-9u. Because of the availability of certain detectors in the laboratory 
this interval was divided into two regions: (a) 1-2:'8u and (b) 2-9u. Shock waves were 
generated in the 24-in. diam. low density shock tube. Measurements were made at a 
nominal Mach number of 20 corresponding to a shock velocity of 6-87 mm/ysec. P, was 
chosen to be 0-020 mm of air. Room air was used without drying or purification. 

1-2-8 

A schematic of the experimental arrangement is shown in Fig. 10. For this wavelength 
range an Eastman Kodak PbSe detector was employed. This detector has a useful 
sensitivity out to 4-5u. However, glass filters were used to isolate the 1-2-8 u region over 
which the response of the detector is fairly uniform. The shock tube window was made 
of quartz. 

4 typical oscilloscope record of a PbSe run is shown in Fig. 11 A. The optical resolution 
was calculated to be less than 2-3 usec. However, the PbSe detector has a time constant 
of about 6-7 usec and is the limiting factor in resolving the shock front. The rise time 
of the electronics following the detector (preamplifier and scope) was less than | usec. 

In order to calculate the absolute intensity of the radiation the PbSe detector was 


calibrated against a tungsten strip-filament lamp. An optical pyrometer was used to 


measure the temperature of the lamp. The emissivity values of DeVos“” were employed 
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"| |-2-8u to calculate the intensity of the lamp radiation. An 


over the wavelength range of 
entical to that employed on the shock tube was used for the calibration 


optical system ik 
Therefore. no corrections for the transmission characteristics of the shock tube window 
and filters were necessary 

f five selected runs over the Mach number range of 


The average of 
an integrated intensity through the shock front 


19-8-20-2 yields a 


peak intensity « 1O-* W/cm?*-sr and 


of 0-15 W ‘=SI Because of the preliminary nature of these results no estimate of the 


number can be made, but the experimental data have a scatter of 15 


uncertainty of this t 


24” DIAMETER ~ 
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SHOCK TUBE WinDOW 
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IR DETECTOR 


used in the previous spectral region 


germanium photoconductive detector 


For this wavelength region 


A Cak. window was used 


ff letermined by a combination of 


ofl was det 
sensitivity of the detector 


loscope record of the signal from the detector is shown in Fig. I! B 
In several respects the signal observed in ti avelength region differs from that of the 


noticeably shorter which is to be expected 


First, the rise time of the signal ts 
Secondly, in this 


2-8u region 
iew of the shorter response time of the gold-doped Ge detector 
signal was observed before the shock arrived at the slit 


rion spurious sig 
scattered off the metal walls of the tube 


wavelength region a sf 
This signal is believed to be due to radiation 
The effect was reduced by blackening the wall of the shock tube opposite the detector 


noticeable about 30 usec after the shock front passes 30 usec 


Finally, a large signal ts 
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is roughly equal to the test time available under these shock conditions, and this signal is 
believed due to the passage of the contact surface and driver gas by the slit. There is just 
a hint of this signal in the oscilloscope trace from the PbSe detector (Fig. 11 A) indicating 
that the driver gas radiates predominantly beyond 3 u in the infrared 

The absolute intensity of the radiation in the wavelength range of 2~9u was calculated 
by employing the manufacturer's (Westinghouse) calibration of the detector. An average 
of eight experimental runs over the Mach number range of 19-4-20-4 yields a peak intensity 
of 1-2 lO-* W/cm*-sr and an intensity integrated through the shock of 8-4 1O-* 
W/cm*-sr. The experimental data show a scatter of about +-25 
A few runs were made replacing the Ge filter with various narrow band interference 


filters. These results are shown in Table 2. 


Taste 2. WAVELENGTH DEPENDENCE O1 


Mach No 


Ad is the band pass of the filter, measured when the transmission has reached 50 per 
cent of its peak value. 

Although these results are sketchy they indicate that at around 3-75u there is about 
three times the radiation intensity per uw as in the other two wavelength regions. It is of 


interest that 3-75 1s the same wavelength at which an anomolous band was observed in 
the study of the radiation intensity from equilibrium air.“” 
Based on the studies of the infrared radiation from equilibrium air, the bulk of the 


radiation in this wavelength region is expected to be due to free-free scattering of electrons 


nei 


(Bremsstrahlung). Since the Bremsstrahlung is relatively insensitive to temperature and 


since there is no large overshoot of electron density in the shock front, we can estimate 


the intensity by comparison with the equilibrium measurements.“ These experimental 
observations indicate that the radiation from the ir. beyond Iu is about 3 W/cm*-sr at 


Tr 


8000°K and atmospheric density. The correction for the different particle and electron 
densities in the present experiment reduces this value by ~ 3 10-*, indicating 
a Bremsstrahlung intensity of ~ 10-* W/cm*-sr. The reason for the difference between this 
estimate and the present experiment is not understood. Because of the overshoot of NO 
concentration in the shock front a contribution from the vibration-rotation bands of NO 
might also be expected, but the estimated intensity indicates a level many orders of 
magnitude lower than the present measurements 

The intensity observed at 3-75u may be attributable to a molecular band. Assuming 


a radiating temperature of 15,000°K, the observed peak radiation of 3 10°? W/cm*-sr 


can be explained by 1%, of the molecules being capable of a radiative transition to the 
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lO-° g/cm”, which is appro 


undissociated air, we have specified a density level of 3-15 


priate to an initial pressure P, 0-02 mm Hg in undissociated air. Since all mechanisms 


are binary within the scale of the figures of this section, and since the concentrations plotted 


are non-dimensional, it is permissible to scale the results shown in these figures to any 
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RADIATION INTENSITY watts / cm® 


TEMPERATURE x 1073 ¢« 


DISTANCE BEHIND SHOCK cm 


Fic. 12. Relaxation behind shock wave at Mach number M 20-8 (L 7-16 mm/sec) 
All concentrations are expressed in moles per mole of undissociated gas. Conditions ahead 
shock 3-15 10-® g/c*, 7, 294°K, and 

P, = 0-020 mm Hg, [O,] = 0-212, [N,] = 0-788 

P, = 0-022 mm Hg, [O,] = 0-112, [N,] = 0-788 and [O] = 0-200 


desired altitude. To scale from density 9, to o, the abscissa of the figure should be 


The radiation intensity ordinate should be multiplied by o',/9, 


multiplied by 9,/9', 
The comparisons shown in Figs. 12, 13 and 14 illustrate the temperature histories and 
the concentration histories for NO, O, N and electrons. For each figure we have preserved 


the values of shock speed and of density ahead of the shock. In calculating the conditions 


behind the shock, we assume that rotational equilibration is instantaneous for the molecules 
In addition, for reasons of computational expediency, we assume that electronic excitation 
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is instantaneous for any atoms present immediately behind the shock. Also shown are 
some upper limits to the radiation intensities from NO and N,°. For NO, this limit is 
obtained by assuming the population of the radiating states to be in equilibrium with the 
ground state population (B*Il =” ¥*Il and A*= ” X*Il). Similarly, for the N,° upper 


limit, we assume that B*S [* Y*, as in the case discussed in section I 
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XIDE @ AND y BAND SYSTEM 


INTENSITY wotts 


RADIATION 


| 
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TEMPERATURE x 10° °K 


DISTANCE BEHIND SHOCK cm 
Fic. 13. Relaxation behind shock wave at Mach number M 7 « 5-86 mm/sec) 
All concentrations are expressed in moles per mole of undissociated gas. Conditions ahead 
of shock 3-15 10-* g/cm*, 7, = 294°K, and 


P, = 0-020 mm Hg, [O,] = 0-212, [N,] = 0°788 
P 0-022 mm Hg, [O,] = 0-112, [N,] = 0-788 and [O] = 0-200 


At the higher Mach numbers (Figs. 12 and 13), the major difference noted in these 
comparisons is that the presence of atomic oxygen causes the NO concentration to rise 
linearly with time immediately behind the shock. The peak NO concentration occurs 
earlier in time, but the magnitude of the overshoot is not greatly affected. At M, 12 
the production of atomic nitrogen is controlled entirely by the atom—molecule interchange 
reactions rather than by dissociation processes. The ambient atomic oxygen leads to 
imcreased activity of the interchange reactions and thus to increased N production. This 
is reflected in the comparisons of Fig. 14, which show significant changes in the ionization 
build-up, and in the radiation limit for N,* first negative. 
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We conclude that the presence of atomic oxygen in the ambient air should not lead to 
any dramatic change in either convective or radiative heat transfer, or in the observable 


radiation intensity, for flight speeds in the range M, ~ 15 to M, = 21. 
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FiG. 14. Relaxation behind shock wave at Mach number M, 12 (U; 4.13 mm/u sec) 
All concentrations are expressed in moles per mole of undissociated gas. Conditions ahead of 
shock: ¢, 3-15 10-* g/cm’, 7, 294°K, and 

P, = 0-020 mm Hg, [O,] = 0-212, [N,] = 0-788 
P, = 0-022 mm Hg, [O,] = 0°112, [N,] = 0-788 and [O] = 0-200 


V. APPLICATION TO RE-ENTRY HEATING 


Our understanding of non-equilibrium radiation has been extended with the use of the 
24-inch low density shock tube. The new data have not been fully analyzed in terms of our 
rate constant calculations, and we do not have spectra to determine what fraction of the 
radiation is an impurity effect. As a result, this work must be considered preliminary. 
However, in combination with earlier experimental data, we arrive at estimates of the 
non-equilibrium radiation intensity. With this we make some statements about re-entry 
radiation heating in the stagnation region. 
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ive the integrated luminous front radiation at ? 3916 A as a function 
The intensity is given in units of W/cm*-sr-u. We have plotted the log of 
the reciprocal of the velocity. This ts because the radiation, in general, has an 
exponential dependence on the temperature. There is the question of whether the effective 


perature for radiation is proportional to the first or second power of velocity. The data 


he first power are slightly more linear 
In preparing Fig. 15, we have resurrected some old data to compare with the new 


The points V were from measurements made in 1957 using P 1! mm Hg. These are 
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Of the shock speed 


that they only give velocity dependence information. The points marked 


indicate that the oscillograph signal was off scale at the peak so that the 


be somewhat larger than indicated (perhaps a factor 1-5) 
brated measurements at P | mm Hg symbolized by X 
iOW speeds The remainder of the points were made recently in 
ly and are all calibrated. Initial shock tube pressures of P, 
Hg were used. Some of these were made at 4300 \ and were scaled to 
lying by a factor 4 (Fig. 4). There ts an indication that the P 0-02 mm 
are slightly lower which may be a collision limiting effect 


ompare with the preliminary discussion of section | of N, (l-) radiation, we 
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multiply by 2 for the solid angle (2x is used instead of 4= since we are only interested 


in that half of the radiation which goes toward the body) and 0-1 micron for the spectral 
coverage. Then at 0-716 cm/sec (23,500 ft/sec) we estimate / — 0-4 W/cm* by extrapolating 
the trend of the data. This is only slightly less than the | W/cm* upper limit for N,~ (1-) 
indicated in section I. However, this agreement is fortuitous, since our estimate of N,”* 
was too large while NO (8), which is probably important, was not included. 

In Figs. 16 and 17 we have applied the results of the luminous front measurements to 


the problem of re-entry heat transfer. These figures are the same except that Fig. 16 is for 
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FiG. 16. Comparison of aerodynamic and Fic. 17. Comparison of aerodynamic and 
radiation heat transfer as a function of altitude radiation heat transfer as a function of altitude 
for flight speed of 20,000 ft/sec and nose radius for flight speed of 25.000 ft/sec and nose radius 

R 100 cm R 100 cm 


20,000 ft/sec and Fig. 17 for 25,000 ft/sec. The laminar aerodynamic heat transfer rate ts 
estimated according to 


7 AERO 10” 


where the velocity (V) is in units of 10* ft/sec and the nose radius (R) is in feet. This 
expression is in agreement with shock tube measurements by Rose and Stark.” The solid 
line in the figure gives the radiation heat transfer rate to the stagnation point of a spherical 
body with nose radius 100 cm as a function of altitude. At low altitude the equilibrium 
radiation reaches the black body maximum. At about 30 miles, the non-equilibrium 
becomes important and tends to form a plateau, because it is independent of density. Two 
density dependent corrections become increasingly important as the altitude increases. 
First, the collision limiting effect decreases the radiation in proportion to the density 
decrease. Second, the flow goes into the boundary layer and the wake so that the air is 
cooled and the radiation quenched. This truncates the non-equilibrium region and reduces 
the radiation. At sufficiently high altitudes, the non-equilibrium radiation does not reach 
the radiation peak, and the intensity decreases more rapidly with altitude. At still higher 
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altitudes. a further quenching of the radiation occurs as the boundary layer extends 


throughout the shock, the shock disappears, and finally the free molecule flow region is 


density dependence of the radiation will now be described. The black body 
intensity, at low altitudes, decreases as the stagnation temperature decreases corresponding 
to increased dissociation as density decreases. In the equilibrium region there are three 


density effects: (1) decreased gas, (2) smaller fraction of molecules, and (3) lower tempera- 


{5 


ture because of increased dissociation. This results in about a density squared dependence 
The luminous front plateau as described above is essentially independent of density and 
will be flat at low altitudes. The radiation onset region depends on the shape of the front 
of the radiation profile. If the intensity increases linearly with distance behind the start of 
the shock, then in the collision limited regime the integrated radiation will have approxi- 
mately a density cubed dependence 

It is seen that the aerodynamic heat transfer above 30 miles is at least a factor 10 greater 
than the radiation according to our current estimate for R 3-3 ft. Hence, radiation 
heating at |} 25 k ft/sec can be neglected. It should be remembered that the radiation 
heating on the plateau is independent of KR compared to an R-* dependence for the aer 
heat transfer. Thus, radiation becomes relatively more important in comparison with the 


aerodynamic heating for larger size; however, it is not a rapid effect 


VI. SUMMARY 

have described has provided new experimental data which give the 
of the non-equilibrium radiation. While these data leave much to be 
desired the allow preliminary predictions that are suitable for starting engineering 
programs particular interest is the luminous front plateau which leads to higher 
radiation intensities at high altitudes. Despite this increase in radiation heat transfer 
because of the non-equilibrium region, radiation heating remains smaller than aerodynamic 

heating at high altitudes 
be necessary to confirm by further experimentation the magnitude of the non 
equilibrium radiation and obtain a more complete understanding of the spectral distribution 
collision limiting and the effects of body shape and boundary layer. Analyses of these 
measurements using the theoretical calculations of relaxation behind shock waves to obtain 
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Intensity and Rotational Line Intensity Methods, whic 
developed for more general applicability. The methods have 
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measurements of total and partial band intensities 
Negative Bands 

THEORY 
2.1. Fraction 


The inte 


if thermal equilibrium at temperature 7 ,,,, obtai 


Here K is a constant depending on units and geomet 
is the total population in the level 5 
is the rotational partition function of the level 

relative vibrational transition probability whose dependence on 
angular momentum is often very small (FRASER“”?) 
extensi 


is the frequency of the (/’/") line, and for a band o 


treated as a constant’! 
is the line strength or Honl—London factor 
is the rotational energy of the upper level J 


is Boltzmann’s constant 
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The intensity /,,- of the whole vibrational band is given by 
/ KN, pyy 4 (2) 


where is an ‘average’ frequency for the band 


[4% of intensities of all the lines 


Equations (1) and (2) may be used to compare the sum 
a | 
in one branch arising from transitions from upper levels which lie between J’, and J; to 


the total band intensity / 
exp | . lap (3) 


where / .,, represents the summation and 4 and ¥ cancel to a good approximation in 
most Cases 
lt is often a matter of experimental importance to compare the ratio between two 
measured fractions /*” , /“”’. of two different bands to the ratio between their total intensities 
/ /_.... Thus from equation (3) 
iy 
iz 


(4) 


When the fraction of the band is made up from parts of each of the P, G and R branches 


(viz: J, —> J, in the P branch, J, —> J,in the Q branch and J, —> J, in the R branch), then 


from equation (4) the ratio of fractional band intensities is related to that for total band 


ntensities by 


lew Ov U 


this equation (and in equation (4)), the left hand side is, in principle, measurable, 

the actual intensity ratio /,,-//,.,- is sought and the rest of the right hand side is in principle 
calculable as follows 

( (1): Bands summed over t ge of rotation quantum numbers J , —> J, and 

e simple case in which the same range J, — J, 

f f 4m 18S required in equation (3) 
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z. () \), is the rotational constant for the level v’, and like the other 
standard rotation“). In some cases (e.g. O, Schumann—Runge System), it 
include the D,J*(J |)* term in the exponent realistically to represent the 

ergy / The ratio of f’s for the two bands ts then 
t 


'S S,exp (BHI + WkT 
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Writing B, for B,/kT, B, for B,./kT and 3B for B, — B,, equation (7) becomes 


(B, ~ 8B)J + 1) 


/B 


\S S, exp BLJ(J 1) 


VA 


For most band systems, excited say in an electrical discharge, T ~ 300°K or greater, 
x, 2 10°? cm=!, and J ~ 100. Thus 3B ~ 10-4 and 3BI(J 1) <1. A Taylor’s 
series expansion to two terms of the exponential in the numerator is then an adequate 
approximation. 
spl» 1B) 
Thus ly AB oB, 
- (9) 


Fu AB | wAB 


It is shown in an appendix that the summation involved in f may often be replaced as 
an integral and thereby, in a specific case, how the partial differentiation is accomplished. 

In the more complicated case which involves summation over all three branches, 
equation (5) may be similarly recast as 


fo if%) 
POR 
=, (10) 
POR 
io nn 
The bracket on the right hand side is less than, but close to, unity and may be evaluated 
in specific cases using the S, values given by HGNL and LoNDON“*), HERZBERG”), HILL and 
VAN Vieck™®), RuUARK and Urey) and JoHNSON®®. The specific evaluation of the 
coefficient of /,,-/1,,- in equation (10) is presented for the '£—"S case in an appendix 
The summations have been replaced by integrals with an error of about 0-1 %, 
It may be noted in passing that in cases where /,,-//,,,- and [29*/1?2" can both be 


measured, the coefficient 


can also therefore be measured and used as a proportionality constant for other bands 
over the same range of J 
Case 2: Bands measured over the same range of rotational quantum numbers J , —> J,,and 
forming a Vv progression (\ w’). In this case, equation (5) reduces to 
ro 


ee | 


_ (11) 


vw 


because Q, Q,, and the quotient of sums of /’s reduces to unity. It is an important 
practical result that the ratio of fractional intensities is identically equal to the ratio of 
total band intensities when the same fraction of bands is taken in a v" progression. 
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plots would be non-linear. If the rotational energy distribution did not accentuate low J 
values too severely the curves could be extrapolated back to the ordinate axis to obtain 
the relative ordinates with somewhat of a reduction in accuracy. 


3. RESULTS 

These methods described above have been applied with success to a number of band 
systems and examples are presented below for measurements made on the two systems 
NO 8 and OF Second Negative. The band systems were excited in discharge tubes and 
their intensities measured photoelectrically by a calibrated Leeds and Northrup photoelectric 
scanning spectrometer. The experimental details have been presented elsewhere “* '” 
Fractional band intensities and also total band intensities have measured and compared with 
the calculated ratios discussed above, to check the adequacy of the methods quoted above. 


3.1. The fractional band intensity method 
3.1(a). The NO 8 system (B*I1-X*I1) v’ =0 progression. The Fractional Band Intensity 
method (case 2) discussed above, has been used on seven bands (v’ = 0, v” = 5-11) of this 
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Fic. 1. Rotational structure of NOS band showing measured fraction. 


system over the wavelength region \)(2748-3801A). As these bands are relatively isolated 
it was possible to measure total band intensity in each case in addition to fractional band 
intensity and to confirm the constancy of the ratios of these for each band. The bands 
are, as is well known, double headed, and the structure of a typical band is shown in 
Fig. 1@). The fraction chosen was, as indicated in Fig. 1, that which includes the rotational 
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3.1(b). O} Second Negative System(A*I1 — X*I1)v’ # w’. The Fractional Band Intensity 
Method (Case 1) was applied here. The bands are double headed, like the NO 8 bands, 
and exhibit satellite branches (R,,, P,,) which are weaker than the main P, and R, branches 
because of different coupling cases which operate in each of the electronic states. 
Contributions from the very weak Q branches are ignored. The detailed rotational 
structure of these bands has been discussed by Stevens@®) and BozoKy@®), Steven’s 
vibrational assignments were shown to be in error by two units in v” which should thus 
be replaced by 2 


The *I1,-*I1, sub band was the fraction chosen and it included the following lines 
R, branch 
R,, branch 


P, branch 


P,, branch 


The (0, 6), (0, 7), (1, 5), (1, 6), (1, 7) bands over the wavelength range 2.2(3300—3860A). 


Fractional band intensities and total band intensities were measured. They are compared 
in Table 2. 


TABLE 2. COMPARISON BETWEEN RELATIVE FRACTIONAL BAND INTENSITIES AND 


RELATIVE TOTAL BAND INTENSITIES FOR THE OF SECOND NEGATIVE SYSTEM 


Ratio of fractional 
band intensity to 
total band intensity 


Relative fractional Relative total 
band intensity’ band intensity” 


0-99 
1-01 
1-03 
1-01 
1-00 


Relative to (1, 5) band 


Ratio of entries of two previous columns 


Note: Fractional band intensity 


Table 2 shows that the Fractional Band Intensities are good measures of Total Band 
Intensities. 


Table 3 presents data on 


[POR /] 
fPOR} 7 


for the bands 


we 


It will be recalled from equation (12) that the ratio is an experimental measure of 
Af, +f! f®VOAf* f2 +f*®) The ratio is in all cases within 4 per cent of 


oO 
“ ¥ 


unity. 
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4. DISCUSSION 

In this paper two methods of measuring the relative total intensity of a band by 
treatment of intensity measurements of a fraction of it have been discussed and shown to 
give results which are in excellent agreement with intensities integrated over the whole band 
profile. These methods are of immediate application to band systems of relatively compli 
cated structure either fully resolved or only partially resolved. The fractional band intensity 
method is particularly useful when unresolved spectra of only moderate dispersion are 
available as its application only requires accurate knowledge of the wavelength limits of 
the band in question. Ideally the applicability of the method should be tested on each 
band system considered but there seems to be no serious reason to doubt its general 
applicability 

rhe rotational line intensity method* is of particular use in the case of bands of interlaced 
structure of which some of the lines of band tails are resolved sufficiently as to be measure- 
able. It requires the existence of rotational thermal equilibrium which is not a very stringent 
requirement in many cases. In principle the method is applicable when rotational thermal 
equilibrium does not exist but in this case the determination of the relative intercepts on 
the ordinate scale will require extrapolation of a series of curves rather than straight lines 
and relative accuracy will thereby be reduced somewhat 
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An estimate may be made of the fractional band intensity quotient /’”//'*.. and the total 


band intensity quotient /,,-//,,- from equation (10a) for the extreme cases of the v’, 


(0, 0) and w’, w (10, 10) bands of the CN Violet system as follows 
basic data B. 1-9701 cm~', « 0-02215 cm, k 0-:6952 cm~!/°K: 


Here, taking the 


from HERZBERG“* 
and assuming 7 300°K then B, = 0-00827 and B, = 0-00933. Also B,/B, 0-89. 
Consequently 


c 


{ 
oB, , (106-93 @9-00233 


,0.00233 
C 


0-89 (1 0-005 w 


0-89 (] 0-05) 


0-94 


as 10. 4 0) 


from which it may be concluded that in this case the ratios of the fractional band intensities 
are indeed an excellent measure of total band intensity ratio 
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THE SPECTROSCOPE AS A TOOL FOR ATMOSPHERIC 
SOUNDING BY SATELLITES* 
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Department of Meteorology, Massachusetts Institute of Technology, Cambridge, Massachu 
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Abstract—-A previous suggestion by the author that the atmosphere can be sounded by remote satellite 
measurements of thermal radiation is discussed in more detail. Preliminary calculations show that the 
accuracy required to determine the temperature structure to within a degree or two is probably obtainable 
for fairly large atmospheric layers 

Singer’s method of satellite ozone sounding is shown to be an extremely sensitive technique for deter- 


nining the upper-level ozone distribution in considerable detail 


I. INTRODUCTION 
It has been suggested by the author that a detailed analysis of the thermal structure of 
the atmosphere could be obtained by satellite measurements, at carefully selected frequencies 
in the 15 » band of CO,, of the radiation leaving the top of the atmosphere. Such measure- 
ments could provide a continuous global picture of the three-dimensional temperature 
distribution. This would be of immense value both to the study of the atmospheric 
circulation and to weather forecasting 

The instrumentation suggested was a grating spectrometer capable of several 
simultaneous measurements with a spectral resolution of 5 cm~'. For a receiving cone of 
two degrees, corresponding to a few miles spatial resolution, the energy to be measured is 
in excess of 10-5 W per cm*, and this can be detected with very high signal—noise ratio 
An instrument of this type is now being built for the U.S. Weather Bureau. 

Qualitative arguments were given for uniqueness of interpretation and sensitivity of 
the signals to the detailed thermal structure. These questions have since been investigated 
more quantitatively, and the results will be presented in this paper. A method for deter- 
mining the high level ozone distribution from satellite measurements of scattered solar 
radiation will also be discussed 

It should be noted that the atmospheric models and frequencies chosen for this study 
will require modification for use in an actual interpretation scheme. The same is perhaps 


true of the radiation calculations 


Il. THE TEMPERATURE SOUNDING 


The atmosphere is divided into layers bounded by the isobaric surfaces labelled in 


Fig. 1, and the outgoing radiation in the vertical direction is calculated for all continuous 


combinations of temperature distribution shown. The lapse-rates within an individual layer 


* Presented at the Helsinki Meeting of the I[UGG, 29 July 1960, and at the New York Meeting of the 
Instrument Society of America, 26 September 1960 





L. D. KAPLAN 





i mJ 








Eee = 


TEMPERATURE (°K 


mperature variation with pressure for the ‘model atmospheres 


are taken as constant, and the atmosphere is assumed to be isothermal above 50 mb 
Each of these model atmospheres emits radiation *,, whose frequency dependence is a 


function of the temperature distribution 


A ’ ~ (1) 


is assumed to be at 1000 mb, and the CO, concentration to be 2-6 mm STP 

The calculations were made by the method previously described by the author®), 
ninor modifications to reduce computation time 

e problem is to reverse the procedure and determine the temperature structure from 

measurement the outgoing radiation. Since the atmosphere is assumed to be 

letely specified by the temperature at seven levels, their determination by inversion 


of the radiative transfer equations requires measurement of outgoing radiation at seven 


frequencies 


The model which ‘best fits’ a set of observations of outgoing radiation * 


, at the seven 
frequencies can be chosen by finding the one for which 


LY -, 


is a minimum. Intercomparison of the various models by this method shows that any real 
solution would be unique 
4 more detailed solution can then be found by a perturbation technique. At a given 
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frequency, the observed radiation can be expanded about that of the ‘best-fitting’ model 
in terms of temperature departure: 


Ec,AT, + UeyAT,AT; +.. (2) 


he coefficients for any one model are obtained by solving (2), using the +,’s from as many 
other models as there are unknown coefficients. 

The *’s and first order coefficients for the middle route are given in Table 1. A com- 
parison of the coefficients shows that regardless of the frequencies chosen, the linear part 


TABLE 1. c; = d log,A/dT (°C) 


“cm=~*) 675 685 | 695 | 700 | 730 745 760 
A(c.g.s. units 
per sr.) 185-0 | 182-4 | 199-8 $ . 301-9 | 356-8 | 391-6 | 444-5 


Pressure (mb) 
50 . , 0068 | -00: . 0005 | - 0 
100 : | « -0049 | -002 . ; 0004 | - 0 
200 . -0026 | -0048 | -00: -002 0006 | - | 0 
300 . -0003 | -0024 | -002 ; ; -0009 | - 0 
400 0 0010 | -003 ; -0027 | - 0004 
700 0 0001 | - . . -0040 | -0031 | -0010 
1000 0 0 0003 | - 0055 | -0086 | -0135 


of (2) forms a set of independent simultaneous equations that can be solved for the AT;’s. 
This solution can then be substituted in the quadratic terms and the process interated until 
a satisfactory convergence is obtained. Because of the smallness of second-order coefficients 
(all cy < -0001) it can be assumed that coefficients of order three or higher can be neglected 
if there are a sufficient number of models to obtain a reasonable first approximation. 

The method was tested by assuming that the other models were observations and solving 
(2) as described above. The frequencies chosen were the first seven, i.e., 675, 685, 695, 700, 
705, 710 and 730 cm~'. Because of the large temperature differences, convergent solutions 
were not obtained in about one-eighth of the cases, for which neglecting the quadratic 
terms in the first approximation gave results that departed more from the ‘actual’ 
temperature distribution than the middle route did. Actually none of the models are a 
really close fit, so convergence can be assured with the use of a larger number of model 
atmospheres. 

Typical results for the best cases are given in Table 2. Model No. | is one of the models 
used to determine the coefficients; but models No. 2 and 3 are independent cases. The first 
row for each model gives the actual temperature distribution. The second row gives the 
solution of (2), and the third and fourth rows give the solutions after addition of systematic 
errors of about one-third of one per cent and three per cent, respectively, to the +’s. It is 
seen that the temperature errors are approximately proportional to the magnitude of the 
systematic noise, and that even for a signal—noise ratio as low as 30:1 the computed 
temperatures are accurate to about three or four degrees. The temperature errors are of 
course also systematic. 

Random noise was also added to the *’s, but the resulting errors in computed 
temperature were much worse. The errors, however, were oscillatory and means over 
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detailed knowledge of the ozone distribution at these heights would be desirable. Such 


knowledge would also be of considerable use in connection with studies of the stratospheric 


circulation. Even in the strong 9-6 u band, however, the ozone is too transparent to obtain 
detailed enough information about the ozone distribution. We must therefore obtain the 
high level ozone distribution by a more sensitive method. If we at least knew that the high 
level ozone were in photochemical equilibrium, the temperature distribution in the strato 
pause region could be estimated by combined measurements in the 9-6 u ozone band and 
high-resolution measurements in the strong central Q-branch of the 15 u CO, band 

4 method for determining the ozone distribution has been suggested by SINGER and 
WENTWORTH™), as a means of studying the circulation of the lower stratosphere. GREENFIELD 
and KELLOGG have pointed out that large-particle scattering would cause a serious difficulty’ 
Moreover, it is doubtful that any detail in the ozone distribution can be obtained below 
the ozone maximum. It would be best therefore to choose the CO, frequencies where the 
ozone band does not have strong Q-branch maxima 

As will be seen below, the objections of Greenfield and Kellogg do not apply to a 
determination of the high-level ozone distribution; and a variant of the Singer-Wentworth 


procedure will be discussed 


lt!. THE OZONE SOUNDING 

The ozone distribution in the upper stratosphere can be determined by measurement 
of scattered solar radiation at several wavelengths between 2600 and 3000 Angstrom units 
The principal is as follows: for a given solar elevation, the radiation scattered in any 
direction has relative components from each isobaric layer that differ markedly fron 
wavelength to wavelength due to the variation of the ozone absorption coefficient If 
measurements of upward radiation are made at carefully selected wavelengths, the radiative 
transier equations can again be inverted to give the ozone concentration as a function of 
pressure 

This method is particularly sensitive for the region above the ozone maximun 
the Umkehr method is least sensitive and balloon measurements most difficult. It is als« 
the region in which the ozone distribution ts most likely to be in photochemical equilibriun 
and accurate measurements would provide a check on the theory and a determinatio1 
the photochemical factors 

We will deliberately restrict ourselves to the upper stratosphere therefore, so 
can simplify matters by assuming linear, first-order, Rayleigh scattering. The radiati\ 


transier juation then Ddecomes 


where * the incide lar radiation ; wav ‘ne tf orre rm , SC teres 
radiation leaving the top of the atmosphere, «() the scattering coefficient corresponding 
to the solar angle and the collection angle of the receiver, &, the ozone absorption coefficient 
1 OZONE Concentration, and p the pressure 
lo simplify the evaluation of (3). the temperature Gepe Ol / was ignored and 
the atmospheric layers given in the second column of Table 3 were each assumed to hav 
the constant ozone concentrations given in the first column. DUuUTSCH’s distribution w 


followed“ For actual use in an ozone distribution determination, a continuous distributior 
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rone should be assumed, and the temperature variation of the absorption coefficient 


taken into account. For the stratification used in this study, (3) becomes 


2,| 


For the special case of constant composition, it 1s seen from (4) that the outgoing 


radiation is inversely proportional to the concentration. This gives an indication of the 


sensitivity of the method 
The last seven columns of Table 3 give, ! the six layers, the calculated value of the 
ve change in *, per relative change in » im/dp, i 


-liet 


e. the quantities c; in the expansion 


1A 


‘S) 
4 ‘ 
iS TUNCHIONS OF | sec “A 


The bottom layer was taken to infinity. TI 


"nr 


us 1S serious Only for the (1 sec © )k, 16 


for which ten per cent of the outgoing radiation is scattered below the 16 mb level 
, . 


ily one per cent comes from below the 16 mb level. Since the 
ng coefficient per atmosphere is of the order of unity, it is obvious from the sharp 
s that the assumptions used to derive (3) are reasonable. This is also verified by the 
communication) 

The wave-lengths corresponding to the va 


sec “pA ; or 


results of calculations by J. V. Dave (private 


ues of (1 sec ©)k, were obtained by 
nterpolation from the ViGroux tables” for an air-mass of one and three, and are given 
n the second and third rows of Table 3. It is seen that measurements at seven wavelengths 


Tasie 3 


2860 


2910 


fficient to give the ozone amounts in the six layers for a wide range of solar angles 
omparison of Table 3 with Table | shows that the ozone determination method can 
I 


as sensitive as the temperature sounding method, or even more sensitive 
nversiot 


will be carried out in a manner analogous to that for the temperature 


and the results will be reported in a future paper. It can already be seen from 
the coeff that the accuracy with which the ozone distribution 


icients in Table 3, however 


an be obtained is not an order of magnitude less than the accuracy of the measurements 
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molecules the transitions Aj = 0 are also allowed. We shall assume that the contributions 
of the Q-branches to the total and spectral emissivities may be neglected at temperatures 
which are sufficiently high that, for all practical purposes, j’ ~ j”. Subject to this last 
approximation, we note that 

hew 5 ») 2j'hcBe 


where w is the observed wave number for the transition (n 


the corresponding vibrational energies. Hence 


\ 


/ a) E E - 
~ (jf PAcBe ( ) hc Be 
2 Be Dhe Be 


s hcw — (¢ e,~) hco (c, e,-)|* 
( f ce \ (1) 


/ 


eo xp 
jn 2BekT ——e 4hcBekT  § 


In equation (1), /, is the total /-number for the n’ —> n" transition, k is the Boltzmani 


r 


constant, and 7 denotes the temperature. Equation (1) is obtained by assuming that 


df... d 
constant -- expt = /KT) 
dw dw 


ind determining the constant in such a way that 


df, 


dw 


It is now convenient to write 


where / is the f-number for the transition from the ground state that falls 


same spectral region as the transition n’ —> n". Using the general relation 


' NG, 
r (1 
, ] dw 


for the spectral absorption coefficient at the wave number w produced by the vibrationa 


transition 2 —»n" (e and m denote, respectively, the electronic charge and mass; N, 


represents the total number of molecules in the ground vibrational state per unit volume 


per unit pressure), we find for the spectral absorption coefficient P, the following explicit 


relation 
Vz 


* pQ, 2BekT 


he(o — ©, ,°)" 
expt : de exp | _ ] (3) 


where N,/p is the total number of molecules of the emitting species per unit pressure per 


he 
l-exp( — Acw/kT) 


unit volume 


Compare Q, p. 398. Equation (1) provides essentially a relation between the local value of the spectral 


absorption coefficient and the product of (integrated intensity) and (population in the ground state) fo 
given transition 
Q, equations (14-7) and (2-19) 
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Equation (3) takes a particularly simple form to the harmonic oscillator approximation 


since only the transitions n’ —> n | are allowed in emission and 
Oy nf” 9) constant, 


, 


(n b)\icw,, x*,-, n n 1,* viz., 


V7 
°50. 


l-exp( — Acw/kT)) [exp( — Acw,/2kT)) [1-exp( — Ace,/kT)-* 


hc\a —@o hc(w — w,)* (3a) 


exp 
2BekT 4BekT 


where the subscript A.o. identifies results that are applicable to the harmonic oscillator 


approximation and w ~ , for harmonic transitions.’ 
The spectral emissivities for gases distributed uniformly through the length / at a partial 


pressure p may be computed readily from equations (3) and (3a). Thus 
c l-exp( — P. pl) (4) 
l-exp( — P.. ,,, pl) (4a) 


Approximate calculation of spectral absorption coefficients and of spectral emissivities for 
rst overtone region 

We may derive an approximate expression for the spectral absorption coefficient in the 
overtone region by noting that equation (3) leads to the relation 

Nr he 
PY, 2BekT 


{ hclw > )- \ x 
’ exp 4BekT f exp( — Acw,/2kT ) 


2)(n 1) exp( — n°hcw,/kT) 


P l-exp( — hcw/kT) 


2\n 1) 


wit! equation (11-141) of Q, 


may be demonstrated as follows. The quantity « in equatior 
> Z 
ption for the band corresponding to the transitions » —> n 


l-exp(— hew, /kT)) 


2kT )} [1-exp(— hcw/kT)) 
h — kT, and hcBe/kT. Thus the identification of equation (3a) with 


ft Q has been established 
7~95) 
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1 xe* (a > Ny 
Pn, overtone = — ho exp( — Acw,/2kT) 
rn PQ, 


2 me* \a% | 
l-exp( — hcw/kT) a ek | exp — ae | 
2BekT 4BekT 
l-exp( — hcw,/kT)\~* 


since |see equation (7-91) of Q 


Sin, m +2 


m 
Ly 


m 


l-exp( — hew,/kT)\~", 


l-exp( — 2hcw,/kT) 
1-exp( hcew,, kT) 


and the constant f,, , is conveniently evaluated from room temperature (rt) data by using 


% 2 
20> ( ) hi.o 
So if ri 


The spectral emissivity in the first overtone region is given by the expression 


the preceding relation, i.e., 


l-exp( — P.,. overtoneP!). 
Approximate calculation of hemispherical engineering emissivities for transparent gases 
For transparent gases distributed uniformly throughout the optical depth p/, the emitted 
spectral radiancy is 
R, = R,°P.pl 
where R,,° is the spectral blackbody radiancy. Using equation (3a), we obtain the following 


explicit relation for the fundamental region: 


l /x*e* aid N7l 
R. ~ | (hc*@®) fine 0 ; fexp( — Acw/kT) 
2 \mc* 0,0, 


he(w — @, ,°)* 
exp( — ¢,-/AT)| | exp 4BekT 


QO, = BekT{h 


where 


is Be* times the rotational partition function. To the harmonic oscillator approximation 


we find that 


a Nl 
R.. ; :) a Oe T. {exp( — hew,/2kT)] [exp( — hew/kT )} 
mc*  Q2, 


P kT - | hce(@ = 
-e ‘w “|G » ex 
[1-exp( ICO), \}*|@ — w, p 4BekT 
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lhe (hemispherical) engineering emissivity 1s defined by the expression 


~ 


aT*,. 


Hence. to the harmonic oscillator approximation, 


1 Se P ‘Ace . \ ré 
( f [exp( — 3Ace/ 2h hcew,/kT))* (10) 
kT] Vv 


Similarly, for the first overtone region, 


using equation (6) and the transparent gas approximation 


Vrl 
~~ fexp( — Acw,/2kT )| 
V.Y, 
ACL (9 a 
exp 
4BekT 


‘ 


Zn : Z Nei 
) ) f, . —- fexp-(Shco,/2kT )] 
k7] j O 


Ni 


kT )| 


3) and (10) shows that 
\ te | — 
) lex pi Ice kT )| [1-exp¢ 


be contused with 


exp( — 2h kT )| 


nategrating tabulated spectral emissivity data for 


APPROXIMATE SPECTRAL EMISSIVITY CALCULATIONS FOR NO 
ties have been computed for NO in air at various optical depths by 
und (4a) for the fundamental region and equations (6) and (7) for the 


These spectral emissivity data are compared* in Figs. 1-5 with the 


sed D Bree 
W FRER ° 





Approximate infrared emissivity calculations for NO at elevated temperatures 


Fic. 1. The spectral emissivity of NO in air as a function of wave number at 3000°K and ten 
times normal density for an optical depth of 47-1 cm-atmos 


Fic. 2. The spectral emissivity of NO in air as a function of wave number at 5000°K and ter 
times normal density for an optical depth of 206 cm-atmos 
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sor Sa 400 


if NO in air as a function of wave number at 7000°K and ten 
density for an optical depth of 222 cm-atmos 


nction of wave number at 8000°K and ten 
depth of 191 cm-atmos 
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The spectral emissivity of NO in air as a function of wave number at 5000°K and 


f Le 5 
normal density for an optical depth of 13 cm-atmos 


results of numerical computations performed by Breene®). Reference to Figs. 1-5 shows 


that our approximate theoretical values for the spectral emissivities agree reasonably well 
The most notable discrepancy is a 


with the results obtained from machine computations 
small shift toward larger wave numbers for the extrema of the spectral emissivities computed 


nici? 
LiL) 


This shift is expected since we have neglected all anharmo 


from our formulae 
vibration 


corrections. Slight errors have also been introduced because we have ignored 


rotation interactions. With the suggested modifications, the analysis should vield improve« 
results, albeit at the expense of considerable complication 

The excellent agreement between our calculated estimates and Breene’s data for | 
for the fundamental and first overtone bands may be judged by noting, for 
both of our values at 5000°K for normal density are higher than Breene’s by 
2 per cent 
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Equilibrium emissivity calculations for a hydrogen plasma at temperatures up to 10,000°K 


In the calculation of the equilibrium composition at low ion densities it is assumed that 
an electron moves in a potential determined only by the core of a single atom (or ion or 
molecule), which is true only for an isolated atom. As the ion density is increased, some 
of the bound electrons become free to pass over to nearby ions because the potential barrier 
is lowered by the fields of the ions (cf. Fig. 4). Therefore, in addition to the electrons which 


would be free in a dilute plasma, there exist electrons with a degree of ‘freedom’ that 


PRESSURE, ATMOS 


~ 


4 
<a 
_ 
c 
da 


Fic. 1. Equilibrium composition as a function of temperature for total pressure Py 1 atm. 


The difference between p. and Py, + is too small to be shown. The dashed curves include the 


correction for the lowering of the ionization potential. 


depends on their energy and the surrounding ion density. These electrons wander around 


in the potential troughs between close ions 

In order to retain the concept of regarding any electron as being either bound or free, 
various simple models have been proposed for the plasma from which a lowering of the 
ionization potential due to the ion and electron densities may be calculated. UNs6LpD® 
considers the model of an electron passing from an atom to a single perturbing ion, situated 
at a distance equal to the mean distance between the atom and the perturbing ions. For 


this model, the lowering of the hydrogen atom ionization potential is 
i =7 10-(N, )’eV (1) 
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where N, is the number of ions per cm*. In the treatments by Ecker and WeizeL”? 
and by MARGENAU and Lewis) the electron is considered to be moving in a Debye 
field with the lowering of the ionization potential obtained by solving the Schrédinger 


equation. 
In addition to the change in equilibrium composition, emissivity calculations will be 


directly affected by the ion density since the transition probabilities depend on the potential 


ATMOS 


w 
x 
a 
vW) 
ve 
« 
a 


PARTIAL 


T, °K 


is too small to be shown. The dashed curves include the correction for 


Fic. 2. Equilibrium composition as a function of temperature for 7 . 10 atm. The difference 
between p. and 7 H tox 


> lowering of the ionization potential 


curves along which the electron moves. This direct effect is proportional to the change in 
the square of the matrix element, which will not be of a greater order of magnitude than 


in equilibrium composition for the temperatures of interest here. The simple 


the change 
formula of Unsdld may therefore be used to determine under what conditions the effects 
of ion fields become important 

Since the electron density is determined primarily by the ionization of the hydrogen 
atom and because the lower effective core charge of the H~ ion produces a smaller change 


the change in the ionization potential of H~ is neglected™. The 


in ionization potential, 


change in ionization potential of H, is taken to be the same as that of H. In the temperature 
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i 


PARTIAL PRESSURE , ATMOS 


L_i 
2000 


Fic. 3. Equilibrium composition as a function of temperature for Py 100 atm. The differ- 
ence between p,. and Pyz* is too small to be shown. The dashed curves include the correction 
for the lowering of the ionization potential 


COMBINED POTENTIAL vir) 


W/ 


CORE PERTURBING 
ION 


Fic. 4. Potential energyfcurves for an electron in the field of an atom (or ion or molecule) 
core and an ion 
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yf interest, viz., SOOO"K-—10,000°K, the partial pressures p., Py+, Py- and py+ are 


uch smaller than the total pressure p,, and p, = Therefore, 


\/ 
~ exp (2) 
(Pus) 2k7 


where & is the Boltzmann constant, 7 the temperature, and the subscript zero denotes the 


' 
nar 


partial pressure for no lowering of the ionization potential. Using equation (1) for A/, the 
I) are given in Table | and the resulting partial pressures 
THE QUANTITY exp(.\/ 247) POR VARIOUS TOTAI 
PRESSURES AND TEMPERATURES 


100 atm 


Reference to Table | shows that the ton 


the highest temperatures and pressures 
-veral centimeters or larger, the emissivity 
itures (cf. Fig. 16) and, therefore, the 


pressures. Hence serious errors in the 


ed only for very small mean beam lengths and at the 


> ; ie ot 
res consiaecrea 


EMISSIVITY CONTRIBUTIONS FROM THE HYDROGEN MOLECULI 


7 ncetant te 


s emperature and pressure, the total emissivity is given by® 
l) dw 


Boltzmann constant s the spectral blackbody radiancy at the 


the mean beam length, and k,, 1s the spectral absorption coefficient 


blackbody radiancy is large only at small wave numbers, 
nd rotational lines occur. The H, molecule is homo 
vibrational and rotational transitions are forbidden 


hows that the so-called ‘pressure-induced’ 


to the emissivity at low temperatures and 


The -ssure-1nk 1 specti < : I bration—rotation bands and rotational lines 


resulting fro1 nsitic whicl r during collisions when dipole moments are induced 
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in the colliding molecules. Since the integrated intensities of the overtone bands are much 
smaller than those of the fundamental), and because the blackbody radiancy at the 
fundamental band is not appreciably less than any of the values at the overtone bands for 
the temperatures of interest, only the fundamental vibration—rotation band and the pure 
rotational lines need to be considered for emissivity calculations. 

|. Fundamental vibration-rotation band. Considerable experimental work has been done 
on the absorption of the fundamental band at temperatures near 300°K and at lower 
temperatures”). The theoretical equations of VAN KRANENDONK“®-™) may be used to 
extend the experimental results to higher temperatures. 

For his theoretical model, Van Kranendonk considers the induced dipole moment to 
be made up of two parts: a short-range part produced by the overlapping charge clouds 
of the molecules producing exchange and deformation dipole moments and a long-range 
part produced by quadrupole induction. The short-range overlap moment is angle- 
independent, decreasing exponentially with the intermolecular separation R, and may be 
determined by two parameters which measure the magnitude and the range of the moment 
The values of these parameters can be obtained from measurements of the total absorption 
coefficient and its temperature dependence. The long-range moment is proportional to R-* 
with an angular dependence characteristic for quadrupolar induction. The magnitude of 
the long-range induced moment is determined from the known values of the quadrupole 
moment and average polarizability of the H, molecule and their derivatives with respect 
to internuclear distance in the molecule 

Using the Lennard-Jones 6-12 intermolecular potential, Van Kranendonk obtains 

+ 
dw Nd BY 


where 0, is the density, c the velocity of light and, for the hydrogen molecule, ? 9-04 


) 


10-°, 4° Lo” p: 10-*, and ¥ 5-80 « 10-% sec! cm®. The functions / and J 


are given by the integrals 


g,(x)da 
and 


12 x *e,(x)x"dx (6) 


where x Ric with o being the molecular diameter in the Lennard-Jones 6-12 inter- 


nw) =41 (5) ~ ) | 


For hydrogen, « = 2°928A and e = 0-145c. At high temperatures, the quantum effects in 


molecular potential 


the translational motion of the molecules may be neglected and the distribution function 


V(x) 
g,( Xx) exp k7 (3) 
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with V(x) obtained from equation (7). Equation (8) may be used to extend the tabulated” 


classical values of the integrals / and J, denoted by /., and J 
thousand ~K (see Fig. 5) 
to / and J 


to temperatures of several 


At temperatures above 600°K, /., and /,, are essentially equal 


ty wt (F 
getined Dy 


(Y) 


for the temperatures considered following relation is obtained for 
fundamental band 


‘ 


2/ 43s) (PH* ) cm 10) 
. 7 


In equation (10) the perfect gas relation, which is good to a 
j(is 


essures up to 100 atm, has been used 


is evident that the fundamental band may be approximated by the box 


an average absorption coefficient acting over an effective band width Aw 


yf the temperature. Using this model, the 


vay be calculated from the relation 


* region in which the fundamental band is important, viz., 1OOOK ] 


essentially transparent for values of p,,.*/ less than about 10° cm-atm* 
? H 
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For the case of a transparent gas, equation (11) constitutes an approximation only in the 
averaging of the blackbody function over the band. 


0.6, 


ARBITRARY UNITS 


4500 
w,cm” 


Box model for the fundamental band compared with the absorption coefficients 
measured by CHISHOLM and WeELsH( 


2. Pure rotation spectrum. Several papers on the pressure-induced rotational spectrum 
(14-17 


have been published recently In addition to the rotational spectrum, one should also 


consider the collision-induced translational spectrum corresponding to transitions with no 


change in the internal quantum numbers. However, the integrated intensity of the trans- 


lational spectrum amounts to only about 15 per cent of that for the rotational spectrum 
and occurs primarily at smaller wave numbers”, corresponding to smaller blackbody 
radiancies for 7 300°K ; thus the emissivity contribution of the translational spectrum 
is small. Accordingly, a pure rotational model is used for extrapolation of the experimental 
integrated intensity to higher temperatures and for determination of the spectral dependence 
of the absorption coefficient 

In an analysis similar to that used for the fundamental band, VAN KRANENDONK and 
Kiss show that the integrated intensity of the rotational line for the j — ; 2 transitior 


may be approximated by '*® 


dw Ui} o+2A,) 


where / and J are again defined by equation (5) and (6); now 


by the relation 
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Equilibrium emissivity 


The pressure dguced 


neasured by Kuss e/ 


The pressure-induced absorption coefficient for the 


from equation (17) for 7 600°K 


w,cm 


The pressure-induced absorption coefficient for the rot 
from equation (17) for 7 1000°K 
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2-73 10° 


Vu Pu {cm ty (19) 


m,C* ‘ 7 
where e denotes the electronic charge, m, the mass of the electron, and N,,, the number of 
molecules per cm*. In equations (18) and (19) the number of molecules in the ground state 
was set equal to the total number of molecules and the induced emission factor (1 — e~**/*") 
was set equal to unity since both of these approximations are valid for the temperature 
range of interest. 
lo obtain an upper limit for the emissivity, the form for a transparent gas is used, viz. 


: A dw/ (20) 


The blackbody function R2,/cT* is given by 
hew\* | 
15 (i) @ (21) 
(5) ie kT)-— 1 


[o obtain an approximate expression for k,,, a simple treatment is followed). In this 


treatment, all of the upper vibrational levels are approximated by the lowest vibrational 
The absorption coefficient is then roughly proportional 


level of the upper electronic state. 
to the number of molecules in the lower vibrational state, 1.e.. 


he “7 
Kea 2 @ —~ jeer (22) 
kT 


a | for the specified temperature range; «, and w, are the maximum and 


since e 
Introduction of equations (21) 


minimum wave numbers for the band system (cf. Fig. 11). 
and (22) into equation (20) yields for the Lyman and Werner bands 


| 15 fhe 7 , : , , : 
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ome y - 
Fic. 11. Energy level diagram illustrating the model used for estimating the emissivity 
contributions of the Lyman and Werner bands 
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But the sum rule“® for f,,. requires that > f;, i __ 


mer = 9°4. Therefore these 


transitions contribute less than one tenth of the intensity of the Lyman bands for 7 
5000°K. 

This procedure may be applied to the other transitions since for any electronic state / 
the sum rule“) 


exists for a single emission electron. 

In equation (28) the f-numbers for transitions from the state & to lower states k’ are 
included as negative quantities so that the sum of f-numbers from states k’ higher than / 
will be somewhat greater than unity 

The continuum transitions may be included in this analysis if the mean f/-number f. and 


mean wave number, 6, are defined by 


F df - 
| «v3 dw On.” f-4 (29) 
, da 


for a transition from the bound upper state k’, where wl is the f-number per unit 
UG 
wave number. A calculation using equations (26) and (29) yields the result that the intensity 
of the strong continuum transition 2se°L po is less than or approximately equal 
to the intensity of the Lyman bands at temperatures below 5000°K. To check this result. 
the emissivity contribution of the 2sc°X. > 2po*=,* transition was calculated using the 
mean lifetimes and relative spectral intensities given by JAMES and CooLipGe®, This 
calculated emissivity contribution is less than a hundredth of the calculated Lyman contri- 
bution given in Table 2 for temperatures less than 5000°K. 
For all transitions to the 2pc°X,* continuum state, other than the 2sc*, 


transition, equations (26) and (29) yield 


> Les >(N,), ® 


—_ (N_), (5400)? « 0-18 


” 


~ 


Direct application of equation (26) to the individual transitions for which n 2 in both 
the upper and lower states shows that these may also be neglected. 

Thus all possible transitions between singly excited levels, for which the lower state is 
below E 107,770 cm~', have been considered (cf. Fig. 10). Application of equations (26) 
and (28) shows that > /,,//, 2 


mar & 


10-* for any lower state with E 107,770 cm™! 


Since there are fewer than about fifty states with 107,770 cm~! < E < 120,000cm~, it may be 


concluded that the emission for which these states are the lower states may be neglected. 


Finally, all lower states with energies between 120,000 cm‘ and the ionization energy 


(124,429 cm~') will be considered. For any of these states, >/ Rien 10-*. But there 


will be fewer than 10° states in this region whence these transitions may also be neglected. 
Transitions involving doubly excited levels may be included in the calculation by using 
the sum rule of equation (28) with unity replaced by 2. Thus it is concluded that the 


calculated transparent gas emissivities for the Lyman and Werner bands constitute 
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approximate upper limits for all electronic transitions at temperatures below 5000°K. In the 
preceding section it was shown that these upper limits for the emissivity of electronic 
transitions are below the values for the pressure-induced spectrum at moderate and high 
pressures and low temperatures, where the molecular spectrum is important 


Quadrupole and HD radiation 
In addition to the pressure-induced vibration—rotation spectrum, there will be a quadru- 
pole vibration—rotation spectrum for H, and an ordinary dipole vibration—rotation spectrum 
f the isotopic species HD, where D is the deuterium atom 
Quadrupole spectrum. Calculations™ *) show that the integrated intensity of the 
fundamental quadrupole vibration-rotation band is about 8 x 10°° times that of the 
linary fundamental of HCl. The first and second overtone quadrupole bands are about 
9 and 0-2 times as strong as the fundamental. Accordingly, ¢,,.« Py,/ will have a 
value of about 5 10°" cm~ atm at 1000°K. Since the.temperature dependence of the 
emissivity will be roughly the same as that for the pressure-induced spectrum, it may be 
concluded that the emissivity contribution of the quadrupole spectrum will be small 
compared to that of the pressure-induced spectrum for pressures greater than about 
100 atm 


2. HD Vibration-rotation spectrum. The calculated ratio of the integrated intensities@-™ 


for the fundamental bands of HD and HCl ts about 1:7 10°. Using an abundance ratio 


of 3 10-*:1, the integrated intensity of the HD fundamental in natural hydrogen is 
ibout 4 10-"" times that of the HCI fundamental. Therefore the HD emissivity contri- 


bution may be neglected 


IV. EMISSIVITY CONTRIBUTIONS FROM THE H- ION 
Considerable work has been done on the calculation of the absorption coefficient for 
the H~ ion for use in astrophysical applications’). The two processes contributing to 
the absorption coefficient are the bound-free (photodetachment) transitions represented by 


the reaction 


H ive>H 
ansitions represented by 
H 


represents an electron and /rv is the absorbed photon 


1d-free transitions 

CHANDRASEKHAR“*?) has evaluated the absorption coefficient for bound-free transitions 
directly by evaluating the matrix element. In the latest calculations™ *”), the 20-parameter 
wave function of Hart and HerzBerG was used for the bound state. The wave function 
for the continuous state was first approximated by a plane wave representation of the 
outgoing electron, then more accurately by the wave function of an electron moving in the 
static field of a hydrogen atom (Hartree approximation). The accuracy of the calculation 
was improved by use of the dipole-velocity form of the matrix element’) 

Direct measurements of the bound-free cross section by BRANSCOMB and Fite™) agree 


reasonably well with CHANDRASEKHAR’S calculations. In a note’), CHANDRASEKHAR uses 
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the calculations of BRANDSEN ef al) for p-waves in the field of a neutral hydrogen atom, 
which allow for exchange and polarization. This sample calculation indicates that his 
earlier estimates of the bound-free absorption coefficients should be decreased by about 
20 per cent. 


B. Free-free transitions 

In the earliest evaluations of the free-free absorption coefficient the Born approximation 
was used to describe the motion of an electron in the field of a hydrogen atom. However. 
CHANDRASEKHAR“™) showed that the electron velocities in the temperature range considered 
are too low for a valid application of the Born approximation. For this reason, he calculated 
the free-free absorption coefficients using the Hartree approximation described above) 

A calculation of the free-free absorption coefficient using the computations of BRANDSEN 
et al.@) is being performed by T. and H. OumurA“). Preliminary estimates for the 
absorption coefficient are 40 to 50 per cent smaller than those of CHANDRASEKHAR and 
BREEN). 

The values of the absorption coefficient calculated by Chandrasekhar et a/. are used in 
the present emissivity calculation. Since the bound-free contribution to the total emissivity 
is appreciably greater than that of the free-free uransitions, the results should be accurate 
to better than about 25 per cent 


V. EMISSIVITY CONTRIBUTIONS FROM THE H,* ION 


The absorption coefficient of H,* arises from the bound-free transition 


H, hy —>H H 
and from the free-free transition 
H H hy H 


By first evaluating the exact two-center wave functions®) and the dipole moments™), BATEs 
calculated the H,* absorption coefficient). 

Using the absorption coefficients given by Bates, it is found that the H,* contribution 
to the total emissivity is less than about 5 per cent of the H” contribution for temperatures 


less than 10,000°K 


VI. EMISSIVITY CONTRIBUTIONS FROM THE HYDROGEN ATOM 
In addition to the line spectrum of the hydrogen atom, there exists a continuum 


spectrum consisting of the bound-free transitions 


H + hv—->H 


and the free-free transitions (Bremsstrahlung) 


H e hy—>H 


{. The continuum spectrum 


An expression for the free-free absorption coefficient was first derived by KRAMERS™ 


by utilizing the correspondence principle. Subsequent derivations®’~*) have shown that 


119 





nression tmes the 


f a simple 


nciple but 


een states with 





Equilibrium emissivity calculations for a hydrogen plasma at temperatures up to 10,000°K 


|. Transparent gases. For a transparent gas, the total emissivity of a single line is 
R° 
oT! 


S pul (35) 


where R., is the blackbody radiancy at the line center and S » is the line 
integrated intensity. Here S may be evaluated from the relation® 


me Vu 
> a »>n n” ( € " “n { l Cc - ) { 36) 
mC Pu 


where the number of atoms per unit volume in the lower state has been approximated by 
the total number per unit volume Ny 

2. Collision-broadened lines. For the temperatures considered here, practically all of the 
hydrogen atoms are in the ground (1s) state. Between these ls atoms and an atom in an 


np state there will exist a resonance interaction energy which may be approximated by) 


¥: he* np. 1s 
(AZ)... 1. = 
” 8x*m.c w,,/7 6° 


where r is the distance between the two atoms, /,,, ,, is the /-number for the transition from 
lower state Ils to upper state mp, and w, , is the wave number difference between these states 
This resonance interaction will account for the collision broadening since the van der Waals 


a 


interaction energies are much lower, being proportional to r Using the statistical theory 


of line broadening, MARGENAU and WATSON show that, in the wings of the spectral line 


for a ls—2p transition, equation (37) leads to 


S 0b 
= (Aw) 


Nue- /fs 
H 2 . 
(39) 
>) 2 
12m. 1.» 


and Aw » - @) with @, being the wave number at the line center. This result agrees 


Vie" (4 ) 
4xm.c~ \o,, » 


obtained by Weisskopr™) using a modification of the Lorentz formula 


where the half-width 5. 1s 


well with 


In the H atom emissivity calculations“, equation (40) was incorrectly used for the 
Balmer and Paschen lines. Recalling that the resonance interaction with the perturbing 
atom in the ground state occurs only when the emitting atom Is in an np state, it is possible 


; 


to add the transitions contributing to a single line and to obtain the appropriate 


, 


use in equation (38) for the Balmer line (m —> 2) 


\ e- | 
(ama) aL! 
12m.c 


where 
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(41) the broadening for a given transition 1s multiplied by the fraction of the 


+ 


Similarly, for the Paschen line (n —> 3) 


(45) 
istant parts of the low wave number 


equation (45) is not applicable in 


e given in Table 3 


(46) 


} applies only 
24 


) applies 


SIVILY nevel 


yroadened by 


(47) 
oe! 
ncipal quantum number of the 
st four Balmer lines are given (in 
in reference 45) 


r the line, one obtains 
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where [ denotes the Gamma function. For pure Stark broadening, equation (48) is 
applicable for py//(p.)” = (A/S) while the transparent gas relation, equation (35), is 
applicable for i/Sy’°’, with the actual emissivity never exceeding either 
expression 

If desired, the more elaborate Stark broadening theories 
the simple Holtsmark formula given in equation (47) 

4. The Lvman z-line. \f the simple collision and Stark broadening theories discussed 
above are used to compute the profile of the Lyman z-line, the absorption coefficient far 
out in the wings will be appreciable because of the large intensity of the Lyman <-line 
Even though the center of the Lyman z-line is at 82,258 cm™~', the absorption coefficient of 
the low wave number wing computed from the simple broadening theories is large enough 
at low wave numbers, where the blackbody radiaacy is large, to account for the major 
portion of the total emitted intensity of the hydrogen plasma from approximately 4000°K 
to 8000°K. However, this conclusion is erroneous because these simple relations for collision 
and Stark broadening are not applicable at very large wave number distances from the line 
center 

Broadening in the far wings will result from either close encounters between an H atom 
and an H* ion (Stark broadening) or between two H atoms (collision broadening). The 


absorption coefficient for the H atom and H* ion encounters may be approximated by 


4nte®\ | (ds rt ) 
v : - se XI e* 7) (49) 
m,C* dw : 


which is given by the semi-classical treatment of BATes™?) and, equivalently, by the statistical 
theory. Quantal calculations by BUCKINGHAM et al) show that the semi-classical treatment 
gives reliable results at the temperatures and wave numbers of interest. Equation (49) gives 
the absorption coefficient for transitions between two potential curves, with Acw, denoting 
the energy of the lower potential curve and Acw the energy difference between the two 
potential curves at the atom-ion separation r. The factor g’ represents the ratio of the 
statistical weight of the lower curve to the sum of the weights of all possible curves. To 
obtain the total absorption coefficient, the transitions between all potential curves which 
contribute intensity at « must be included. For broadening of the Lyman =-line we must 
consider upper curves which merge into the n = 2 state of the H atom and lower curves 
which merge into the n | state when r—> o. To avoid the laborious /-number calculations 
from the H,* wave functions, we obtain an upper limit for &,, by setting /,, and g’ equal 


to unity and consider the two permissible curves which give the maximum value of 


dr 
r2 ( )e hew/kT at wave number w. Use of the data®” on potential curves shows that the 
UG 


repulsive curves 2pc,, and 2px, should be used for the lower and upper curves, respectively, 
for @ < 71,000cm~!. Computation shows that this upper limit for the absorption coefficient 
is much less than the absorption coefficient of the H~ ion for o < 71,000 cm~™ and may 
therefore be neglected. The term e~“*®!*", which accounts for the repulsion between the 
H atom and H* ion, is the important factor in reducing the absorption coefficient in the 
outer part of the low wave number wing to such an extent that it becomes unimportant. 
Equation (49) may be used to compute the wing absorption coefficient for encounters 


between two H atoms (collision broadening) if Ny- is replaced by Ny. Setting /),, and g 
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equal to unity and using the 2sc*X,* and 2pc*X,* potential curves of the H, molecule given 
by CotyipGe and James” in the calculation of an upper limit, one finds that the repulsion 
term e again reduces the absorption coefficient sufficiently to make it become 
unimportant in the outer part of the low wave number wing. 

It may therefore be concluded that the contribution of the Lyman lines to the total 


emissivity may be neglected, except at very low pressures when the lines start to become 


transparent 


4. Summation of the emissivity contributions 

To sum emissivity contributions one must add the absorption coefficients for the various 
processes and use this sum as the total absorption coefficient X,, in equation (3). For a 
transparent gas this will be equivalent to adding directly the emissivities of the various 
emission processes 

At high temperatures, when both continuum and line radiation may be important, it 1s 
convenient to utilize the total line emissivities directly since these can be easily calculated 
from equations (35), (46), and (48). For this purpose, equation (3) may be written in the 


form 


* pO . 
k* of \dew =a xP } (1-exp | \S an 1} )de 


is the spectral absorption coefficient for the continuum spectrum while k,.""' is 


where / ’ 


that for the ith line. Since the continuum absorption coefficient is essentially constant over 


a line width, and since the important lines do not overlap, equation (50) may be written as 


S eonl ie" (51) 


—~ 


at the center of the ith line. Thus the total emissivity is equal 
decreased by the transmissivity 


where w, 1s the wave number 


) the continuum emissivity ¢, plus the line emissivities ¢ 


ii 


continuum absorption at the line centers 


caicuiations 
he component emissivities for a transparent gas, applicable over large ranges of 
and /, will be considered. The emissivity for p, 100 atm and / 30 cm has also 
been calculated. An addition, component absorption coefficients are presented for use in 
ve transfer problems 
Transparent gases. For a transparent gas, the emissivity of a component is given 
simply by a temperature dependent function times the mean beam length and the particular 
partial pressure(s) representative of the transitions involved 


The transparent gas emissivity term (¢,,,),/p*,,/ for the H, molecule is given in Fig. 12 
This figure supplies the actual H, emissivity for values of p*,,,/ for which there is little self- 


absorption. Since the absorption coefficient for H, varies rather gradually and covers a 
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, T y T 


Fic. 12. The transparent gas emissivity term (¢,, ), /P*y, / as a function of the temperature 


This term is the sum of the contributions from the pressure-induced rotational spectrum, 
(€),/P py /, and from the pressure-induced fundamental vibration-rotation band, (« Py l 


large portion of the blackbody curve, there will be little self-absorption for (¢,,), lO * 
Thus Fig. 12 gives the actual H, emissivity down to 300°K for p*,,,/ < 104 cm-atm?, down 
to 1000°K for p*,,,/ < 10° cm-atm*, etc. 

Similarly, for the H~ and H,* ions, Fig. 13 presents the emissivity term (¢, CHo+ 
P-Pyl in the temperature range 3000°K to 10,000°K. In this temperature range, (¢,-), is 
more than ten times greater than (¢,,-),. Since the sum of the absorption coefficients for 
H~ and H,* varies gradually over a large wave number range, the criterion for the gas to 
be transparent to a mixture of H™ and H,°* is (ey en.) 10-*. For example, it may 
be observed from Fig. 13 that the sum of the H~ and H,* contributions to the emissivity 
at 5000°K is 0°144p.p,y/ if p.pyl < 0-1 

Using equation (33) for the continuum absorption coefficient of the H atom, the 


expression for the emissivity of a transparent gas, equation (20), may be integrated directly 
(En, dy ( 160 ) me R) 
—~ 
Pyl m4/3/ (kT) 


(fu), ( 160 ) me® Ry ; | 
e 1 
Pyl Arty 3 (kTY 
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vhere the prime denotes the emissivity exclusive of the Lyman continuum. The value of 


is 1-20206. These emissivity terms are given in Fig. 14 along with the 


maximum absorption coefficient (, ../py in the Balmer continuum. When p,y/ 1o-* 
Dy), equation (53) may be used to give the actual emissivity of the H atom continuum, 
exclusive of the Lyman continuum. For the conditions of interest, the Lyman continuum 


4 


o~ 


Fic. 14, The transparent gas emissivity terms 
(e, Pu! and (5 7 Py! in cm~* atm 
the maximum value of the Balmer continuun 
absorption coefficient kp, .,/?4 incm™ atm 
2 
and «Lymer }R° de as functions of the 
‘ Ry 
temperature 


s generally far from transparent. The maximum emissivity contribution possible 
he Lyman continuum, viz 


57? 


R®, elon (54) 


yo 47 


g. 14. Considering 7 6000°K., for example, it is evident from Fig. 14 
will give the actual emissivity of the H atom continuum for 10 < p,/ 


S$ aisO BZivel 
that equation (53 


10° cm-atm 
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The transparent gas emissivity terms for the Balmer and Paschen lines computed from 
equations (35) and (36) are presented in Fig. 15. A given line will be approximately 


transparent if the emissivity computed from equation (35) is less than one or both of the 
values computed from equations (46) and (48), i.e., when one or both of the inequalities 
SPu 2/= and pyli(p.y? < (A/SY? hold. The Lyman a-line will be far from 
transparent at most optical depths of interest. The emissivity contribution of the Lyman «- 
line can be estimated from the analysis of section VI B 4, and proves to be negligibly small 
except for very small optical depths. The emissivity contributions of the Brackett series, 
Pfund series, etc., are negligibly small 

Calculation for a total pressure of \00 atm and a mean beam length of 30 cm. In Fig. 16 


results are shown of an emissivity calculation for p, 100 atm and / 30 cm for 


300°K. for the pressure-induced rotational 
The relative blackbody radiancy R° /R 


omparison 


temperatures below about 1200°K, the pressure-induced 

of H, provides the dominent emissivity contribution. The spectral 

K and 600°K are compared with the blackbody radiancies in Figs. 17 
inant emissivity contribution is provided by the pressure-induced funda- 
rotation band between 1200°K and 4400°K, and by the continuum 
liation from p to 10,000°K. The continuum radiation is primarily from the 
bound-free and free-free transitions with the bound-free transitions of the H atom 
o becon mportant at the higher temperatures. In Figs. 19-23 we show the 
continuum spectrum. In Figs. 19-21 the division of the H 

contribution from free-free transitions and from 


gs. 21-23 the Balmer bound-free continuum is 


le 
L007 


mic lines. decreased by the transmissivity of the 
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Fic. 18. The relative radiancy R/R at 600°K for the pressure-induced rotational 


max 
spectrum with p, = 100 atm and | = 30cm. The relative blackbody radiancy R° /R° 
max 
is shown for comparison 


Fic. 19. The relative continuum radiancy R, {R J, for 7 6000°K, pr 100 atm and 
di max 


30 cm compared with the relative blackbody radiancy R° /R 


G) py : 
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4 


w, o*em 


The relative continuum radiancy R k for 


30 cm compared with the relative blackbody rac 


The relative continuum radiancy R R for 7 10.000 K 


30 cm compared with the relative blackbody radiancy R 





continuum ‘cf. equation (51)), amount to less than a few per cent of the continuum 


emissivity 
Since the absorption coefficient for the H~ ion is proportional to p,p, and that for the 


H atom is proportional to p,, the H atom spectrum will become more important at lower 


total pressures 





p,, at various temperatures 
The absorption coefficient. For the solution of many problems in radiative transfer it 
s necessary to know the spectral absorption coefficients directly, 1.e., it may not be sufficient 
to know just the total isothermal emissivities. The spectral absorption coefficients for the 
various emission processes may be obtained by the procedures described in this paper 
The absorption coefficient for the pressure-induced rotation spectrum is given by 


7) and is plotted in Figs. 7-9 for three different temperatures. At temperatures 
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near room temperature, the absorption coefficient for the pressure-induced vibration 
rotation spectrum is given in Fig. 6, while approximate values at higher temperatures may 
be obtained by use of the box model, as discussed in section III A 1. The absorption 
coefficient term [(k,.)y- + (k, )u,+//PePu 18 given in Fig. 24 for temperatures from 3000°K 
to 10,000°K. In Fig. 25, the absorption coefficient term (K.. w)u/Pu, calculated from 


10-39— 


2 3 


w,/O0 cm 


Fic. 25. The absorption coefficient term (k_ | )5y/Pyq at Various temperatures 


equation (33), is presented for temperatures from 6000°K to 10,000°K. The absorption 
coefficient in the wings of the atomic spectral lines may be calculated from equations (38) 
and (47) for collision-broadening and Stark-broadening, respectively (see Ref. 5 for a 


discussion of Doppler-broadening). 


icknowledgement—The author is indebted to Dr. S. S. PENNER for suggesting this investigation and for 
helpful discussions and suggestions during the course of the work 
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Abstract—Nitric oxide was heated in a shock tube up to 2200°K behind the reflected shock wave. Absorption 
spectra of the (0, 1), (0, 2), (0, 3) and (1, 4) bands of the gamma system were photographed, using a continuum 
light source and a medium quartz spectrograph. The NO was diluted in an argon bath in volume ratios 
from 0-08 to 10 per cent. This was necessary for two reasons. First, it was essential to photograph the 
spectra before the NO decomposed detectably. An earlier study by Freedman and Daiber verified that 
argon dilution slows the NO decomposition rate because of reduction in NO partial pressure. The effective- 
ness of this dilution was confirmed by the absence of O, absorption on the resulting spectrograms. Secondly, 
high pressures were used to obliterate the rotational structure, and at the required pressures pure NO is 
totally absorbing. The wavelength-integrated absorption coefficients for each band were determined 
From these data, the electronic oscillator strength was calculated to be 0-0034 +25 per cent. This value 
is greater than the 0-0024 derived by Weber and Penner and the 0-0022 derived by Bethke from gas cell 
measurements at room temperature of the y (v’, 0) sequence in the vacuum ultraviolet, and the value of 
0-001 +50 per cent based on the emissivities of 4000°K air by Keck er a/. For the NO beta system, which 
was not observed on any spectrogram, the electronic oscillator strength was inferred to be less than 0-006 
This value does not discriminate between Keck’s 0-006 and Bethke’s 0-0015 


I. INTRODUCTION 
THE emissivity of air depends on the energy-level populations, spectral line shape and 
oscillator strengths for each of its chemical constituents. For gases in equilibrium the 
population distribution is given by statistical mechanics but it is necessary to resort to 


experiment for the oscillator strengths and the dependence of line width on temperature 


and density. 

For air between 2000 and 5000°K, the optically-important radiators in the ultraviolet 
are the Schumann—Runge system of oxygen and the nitric oxide 8 and y systems. A detailed 
study of line widths and transition probabilities for the Schumann—Runge system of 
oxygen has been reported™. MArMo™®, MAYENCE® and LAMBREY®) measured nitric oxide 
absorption coefficients in the region from 1600 to 2300 A. However, because the pressure- 
broadening of the rotational lines was insufficient to remove the effect of finite slit width, 


5) 


the oscillator strengths could not be determined© Sufficient pressure-broadening was 
attained by WeBER and Penner® and BeTHKe®®, Using gas cells filled with NO in an 
inert diluent and photometric technique, they measured the absorption of the first few 
bands of the y system v” =O sequence in the vacuum ultraviolet and determined an 
electronic absorption oscillator strength. In addition, Bethke reported an electronic 
oscillator strength based on measurements of the absorption of the v” = 0 sequence of the 


NO 86 system 


* Supported by the Combustion Dynamics Division of the AFOSR 
+ The authors wish to express their thanks to Dr. Walter H. Wurster for his help and advice 
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The gas cell technique is limited to measurements at or very near room temperature 
Consequently the higher vibrational states in the lower electronic level are not populated 
and the oscillator strengths for the v’ progressions can not be determined directly at these 
temperatures. It is these bands which are important in high temperature air emissivity 
calculations and consequently it is desirable to measure directly the transition probabilities 
for these bands 

In the present study, nitric oxide, carefully purified and premixed with argon, was heated 
by shock-tube techniques to temperatures from 1500°K to 2200°K at total densities from 
16 to 33 atm. The absorption spectrum behind the reflected shock was then photographed 
using a short-duration, high-intensity light source. The 8 bands were not observed because 
the transitions for which the initial vibrational levels were appreciably populated had very 
small Franck—Condon factors“. The oscillator strengths of the y (0, 1), y (0, 2), y (0, 3), 

(1, 3) and y (1, 4) bands were obtained from the calibrated absorption spectrograms 


Il. THEORY 
When the absorbing gas is of uniform temperature and density along the optical path, 
and when its radiation is negligible compared with the radiation from the flash lamp, as 
n the present experiments, the spectral transmission may be written 


I;/I,. = exp Te 


where /,_ is the initial intensity of radiation of wave number v, /; is the transmitted intensity 


and +; is the spectral absorption coefficient. The integral of the absorption coefficient over 
a single vibrational band, 
t3dv _yeln(/,./T5)dv, 


s related to the vibrational oscillator strength /,. ,-, by the expression ‘*? 


| t3d¥ (xe*/mc*) Nf, ~X 
where 
me*/mc* = 8-85 10-* cm 
X is the pathlength, and ,. is the number density of absorbing molecules in the lower level 
for the transition 
Assuming that the total wave function is separable into the product of vibrational and 
electronic wave functions and that the electronic transition integral is constant for the band 


system, the electronic oscillator strength is “® 


where v,. ,- iS an average wave number for the band and q,. ,- is the overlap integral squared 
Since the set of overlap integrals for 1 0 is not sufficiently complete to permit an 
accurate evaluation of the summation 


qv’, (1) 


the wave number of the (0, 0) band head®, v9 9 = 4-43 x 10*cm™~, is substituted. Once 
the electronic oscillator strength is known, vibrational oscillator strengths for other bands 
of the system can be determined from this equation 


136 





Transition probabilities for nitric oxide in the far ultraviolet 


The ultraviolet y bands of nitric oxide correspond to A*X* <> XII transitions. Because 
the lower state has two levels, *Il, and *II,, separated by 121-1 cm~, each y band consists 
of two sub-bands. Each sub-band has six branches, two of which form heads. Wavelengths 
of rotational lines for eight of the twelve branches of the (0, 2), (0, 3) and (0, 4) bands have 
been listed by GuILLErY“*), The mean line spacing for these listed lines in the region about 
250 cm~! behind the long-wavelength sub-band heads is 2 cm. 

In order to obtain accurate measurements of the contour of absorption spectra, it is 
necessary to avoid distortion due to the slit function. This could be accomplished by using 
a very narrow spectrograph slit, were it not for the lower limit on the slit function width. 
In addition, analysis of each individual line of such a complex spectrum would be 
impractical. An alternative is to pressure-broaden the lines so that they are broad when 
compared with the slit function and/or they overlap sufficiently to obliterate the rotational 
structure. 

The half-width of y-band lines collision-broadened in pure NO is approximated by the 
expression“ 

b.wo.no * (0°10 P)/(T/300)! 


where the pressure is in atmospheres. Assuming an NO-A collision diameter approximately 
half that of the NO-NO collision diameter, the half-width of y-band lines collision- 
broadened by argon is 
bwo-a © 45.)No-no 
For a mean line spacing of 2 cm~', the rotational structure should be blended if b.)nuo 4 
is ~ | cm™!. At 2000°K, this would require pressures of the order of 100 atm, which are 
easily obtainable using conventional shock-tube techniques. 


Ill. EXPERIMENTAL CONSIDERATIONS 


The shock tube was used to heat mixtures of nitric oxide and argon to high temperatures 


at known thermodynamic conditions. A beam from a high-intensity light source was passed 


through this gas into a spectrograph. The resulting spectrogram was analyzed with a 
densitometer and the absorption of the NO y bands determined. 

The shock tube used in this study was used in previous studies of radiative properties 
of hot gases. The driver gas was helium and the test gas in the driven section was nitric 
oxide diluted in argon. The vacuum pump to each section of the tube had a liquid-nitrogen 
cold trap at its intake to prevent oil vapors from reaching the tube; in addition, the 
impurity level of the tube was kept to an absolute minimum by thoroughly swabbing the 
tube with alcohol after each run. 

The nitric oxide was purified by passing it through a soda-lime trap to remove any 
nitrogen dioxide it contained. Then the NO was mixed with argon in separate tanks to 
form mixtures containing from 0-08% to 10% (by volume) of nitric oxide. These gases 
were allowed to stand at least 24 hr to insure a homogeneous mixture. 

With the optical pathlength of the present shock tube, 6-35 cm, increasing the density 
of NO to produce the necessary pressure broadening would result in absorption too great 
to permit measurements. Hence, an inert argon bath was used to pressure-broaden the 
individual lines in the NO spectrum. The decomposition kinetics of nitric oxide were 
studied separately“. The results indicated that at 2000°K the reaction rate for NO-NO 
collisions was 200 times that for NO-A collisions. Thus the use of the argon diluent had 
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Transition probabilities for nitric oxide in the far ultraviolet 


IV. RESULTS: GAMMA BAND SYSTEM 


From a single plate, measurable data could be obtained for only one band because of 


the relatively wide spacing of vibrational energy levels. The absorption of adjacent bands 
was either undetectable or extended into the region of nonlinear plate response 


illustrated in Fig. 2, which is a spectrogram with data for the y (0, 4) band. 


A densitometer record of a spectrogram is shown in Fig. | 


This is 


rhe total line width (2 b,) 
due to pressure broadening by the argon is approximately 3-2 cm~! for the conditions of 
this run. 


The conditions of the other runs give similar results. This indicates that the 
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0, 1) band 


overlapping due to collision broadening is such that the slit function is no longer of critical 


importance 


The bands for which measurable absorption was are the y (0, 1) (O, 2) 


(0, 3) and the overlapping y (1, 3) and y (1, 4). Because of the large pathlength used 


(6°35 cm), the absorption of the y (0, 0) band for all attainable conditions was too great 
At the highest temperatures and concentrations permissible (to forestall decomposition 
reactions), the y (0, 4) band was weakly absorbing 


In addition, it was strongly overlapped 
by the y (1, 5) and y (2 


6) bands and hence no quantitative analysis was attempted for these 
transitions 

In all cases the y (0, 1) and y (0, 2) bands appeared to be free of overlapping from other 
bands. However, the y (1, 3) band does overlap the y (0, 2) band. The calculated overlap 


integral) of the y (1, 3) band is ~ 0-3 of the y (0, 2) overlap integral. However, at 2000°K 
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tions of the third to the second vibrational level is ~ 0-28. Thus therelative 


band uld be ~ 0-08. The contribution of the (1, 3) band 
be separable from that of the (O, 2 The total 

?) band was attributed to the y (0, 2) and y (1, 3) bands 

omputed assuming its variation for these 

and (1, 4) absorption was treated 

ap was easily discernible. The results are given in 


are those behind the reflected shock. where 


orn NO GAMMA SYSTEM 


naccuracy 1S associated with the 
temperature at which the 

ynal level of the ground state, an error 
whereas in the second vibrational level 
the uncertainty in the total density 
nately 10 per cent. There are additional 
e argon, the initial pressure level in the 


Consequently. we estimate that the 


BAND SYSTEM 


re superimposed near the heads of NO 
, 


and thus should be more easily 
relatively-large overlap integrals 

the XII state. Only the 

ons for detection at temperatures less than 
lower electronic level, the y (0, 4) 
band. Therefore, a spectrogram taker 
nd should be most likely to emphasize the 


fourth vibrational level 


Although this precludes the use of these 
i Comparison ol bands 


Nevertheless, a close inspection of these 
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spectrograms, which clearly showed y (0, 4) absorption, failed to reveal the beta system 
band (see Fig. 2) 

The beta band heads tend to be obscured because they are less sharp than the gamma 
band heads. It can be shown that the ratio of the intensity in the first 100 cm~! (approxi- 
mately } mm on the spectrogram) of the three branches of one sub-head to the total branch 
intensities at 2000°K is 1-8 times greater for the gamma bands than for the beta bands 

The ratio of the electronic oscillator strengths for the beta and gamma bands is given by 


feea/Se) ((7d¥/qo, 4)a/((7d4/qo, 4) 
Since both transitions start from the same lower level, the population ratio is unity. Using 


¥». oe (determined by extrapolation from tabulated wavelengths to be 4-55 10* cm~*') and 
¥o oy in place of the summations (1), the factor 
(Vo 0 Yo sa (Vp 0 Yo ) 
is also unity. Taking the ratio of the maximum absorption as an indication of the relative 
total absorption of the 8 (0, 4) and y (0, 4) bands, then 
(2do/{rdv = 1-8{(AD/S)E_. /(AD/S) 


x max 


One of the spectrograms showed the y (0, 4) band to have a maximum absorption of 
\D --0-15 with an average emulsion density, D, of 0-4. At 2625 A this same spectrogram 
had a noise level with an approximate amplitude of AD =0-0l. It was then estimated 
that the 8 (0, 4) band could have been discriminated from the noise if the maximum 
absorption corresponded to a AD of 0-03. Therefore, taking into account the ratio of 


calibration slopes, 
(zd9/[7di < 0-49 


yal 17) iS 


The overlap integral ratic 
YW ) qy we 3°6 


Hence, the relative electronic oscillator strength is 


hei do 1-8 f.) 


€ 


0-006 


VI. COMPARISON WITH PRIOR RESULTS 
Electronic oscillator strengths have been measured for NO band systems at wavelengths 
in the interval between 1700 A and 5000 A. The results are summarized in Table 2 


TABLE 2. COMPARISON WITH PRIOR RESULTS 


Experimental Experimental 
range (A) of range (A) 


WeBER and PENNER’) 2000-2280 
BeTHKE®”) 2 1700—2280 
Keck ef al.@*) 2500-2700 
Present results 2300 


700—2280 


l 
3500—S000 
2730 < 2630 
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easurements of KECK ef a/. were obtained from emission spectra of heated air. This 


olves the removal of the contributions of other radiating species and 


| 


remainder to NO. It is thus subject to errors in the knowledge of transition 


the other components. Since Bethke measured absorption of bands 
0 only, he was able to use the summation (1) in the reduction of his 
is reported value of 0-0024 has been adjusted for comparison with the 


or 


eement among the value }y given by references 9 and 10 


let and 


um ultravio those > present report for bands in the 
limit for /.,), established by the discussion of the preceding 


both of the previously measured values and therefore gives no 
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1. INTRODUCTION 

INTEREST in the radiative properties of high temperature air has been greatly stimulated in 
recent years by several practical problems, such as the state of the air surrounding a re-entry 
body, radiation from nuclear detonations etc. As a result, a considerable amount of effort 
has been expended in calculations of opacities, equations of state, and other quantities 
related to the general problem. Reports of this work are generally quite detailed and 
contain extensive tables. Consequently, the work appears to be too bulky to publish 
in toto. \n this paper we therefore present a summary of the theoretical work in this field 
performed during the last five years. Primary emphasis is given to the work performed 
at this laboratory’), with occasional comparisons of results and methods with those 
of other workers 

In section II the equation of radiation transport is discussed, and it is shown that the 
quantity of primary interest is the absorption coefficient u,. Expressions for the Planck 
and Rosseland mean absorption coefficients are given, and their use in limiting cases 
discussed. In section III the calculation is separated into two parts, the calculation of 
occupation numbers and the calculation of cross-sections. Qualitative variations with 
temperature and density are discussed, and it is shown that the problem is essentially 
different at low temperatures, where molecular absorption dominates, and high tempera- 
tures, where atomic and electronic effects are most important. The methods and results of 
the low temperature calculation are presented in section IV, and those for the higl 
temperature calculation in section V. These results are used in calculations of mea 


absorption coefficients, which are presented in section VI 


Il. RADIATION TRANSPORT 


Each volume element in a mass of high temperature gas is simultaneously emitting and 
absorbing radiation of all frequencies It is the balance between these processes which 
determines the local radiation flux within the gas, as well as the flux which escapes. Let the 


flux of radiation per unit frequency interval about y, per solid angle in the direction 


> > ‘ > . 
¢ . and per unit area normal to the direction « , be denoted by /,( 4 ). Similarly, denote the 


a 
energy radiated by a unit mass of gas per unit frequency per unit solid angle by QO ) 


On leave of absence from University of Western Ontario 
References 1, 2 and 3 are reports of work sponsored by the Air Research ¢ 
nder Contracts AF 29(601)—524, AF 2% 601)-2774, and AF 19(604)-—3893 
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If the absorption coefficient of the gas for radiation of frequency v is x, cm* g~', the flow 
of radiation through the gas is governed by the equation of radiation transfer 
a 
| diy ©) > ~ 
== Lo) yto) 
ds ™ = 
a 
denotes length measured in the direction 
If the gas is in local thermodynamic equilibrium, i.e., if at each point in the gas a 
temperature 7 can be defined such that the characteristics of the gas in the neighbourhood 
f the point are those of a gas in equilibrium at that temperature, j, is given by 


c 


BAT) 


mf 


is the Planck distribution function, which is the value /, would have within an 


th 


thermodynamic equilibrium at temperature 7. The following discussion 1s 


local thermodynamic equilibrium 


f (2) into (1) vields 


I di, 
a 


Cr' 


the radiation 1s not of primary concern 
ue of the absorption coefficient 1s useful 
ated depends on the characteristics of the 
f interest is that of an optically thin sample 
compared with the mean free path of 
of this case leads to the definition of the Planck mean 
At the opposite extreme is the case of an optically thick gas sample, 
e Rosseland mean. These two limiting cases 
absorption coefficients are derived 


mas. We assume that everyw here 


Neglect of /, relative to B, in (4) yields an equation which can 


rated to yield 


(6) 


slab in the direction at angle 9 to the normal 

* approximation made in deriving the solution 

which is just the condition that the slab be 

tion flux F per unit area leaving one face of the slab, regardless 


is found by integrating /, cos 9 over frequency and over solid 
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angle. The cos 6 factor must be inserted because /, is the flux per unit area normal to the 
direction of propagation. The result of the integration is 


F = [{I, cos 0dQdv = 2n8xf pu,’ B,dv (7) 


since /, is zero for directions with a component directed inward along the normal. The 
corresponding radiation emitted by a perfect radiator in equilibrium at temperature T is 
oT*. The emissivity ¢ of the gas is the ratio of its total radiation to that emitted by a black 
body at the same temperature, hence 


278x| wu,’ Bydv 
oT4 


(Ss) 


The quantity ¢/5x, the emissivity per unit length, is usually quoted. It can be written as 
Son 
— |uB(T)dv 2u,(T) (9) 
= * , 
where 
=e ju, BT )dv T fw BT )dv 
a(T) — , = (10) 
| BT )dv oT 
is the Planck mean absorption coefficient, sometimes referred to as the emission mean 
ibsorption coefficient. 

If the dimensions of the gas sample are large compared with the mean free path, radiation 
cannot move freely from one part of the gas to another. Under these conditions the transfer 
of radiation is most conveniently treated in the diffusion approximation. We define the 

> 
radiation flex vector F 
> - > —> 
F =|\/(9) egd&dy (11) 
> > 
2 


where ¢ is a unit vector in the Q direction. The total net radiant energy, regardless of 


- - . 
frequency, crossing an element of area dA is then F -dA. It can be shown that in the 
diffusion approximation 
4x 1 
3 


[ ¥ Bay 


AR 
where fig, the Rosseland mean absorption coefficient, is defined by 
dB, 
dT 
Lp “dB, 
uy 
d7 


The Rosseland mean opacity, frequently referred to simply as the opacity, is defined by 


A ~ ~ . . 
Ap R The condition for validity of (12) is that the fractional variation in temperature 


be small in a distance of one mean free path for all frequencies of interest, hence 





coefficient 


ve-mentioned 


ARSORPTION ¢ 
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comes from atoms, ions, and free electrons. The problem of obtaining cross-sections 


molecular species is much more difficult than the corresponding atomic problem, hence 


point at which the molecular density becomes so low that molecules may 
the absorption coefficient calculation constitutes a natural division 
two parts 

4 similar division occurs in the statistical mechanical calculations 
density regions the interactions among particles may be ne 
serious errors into the calculation of occupation numbers for the 
sufficiently high densities, however, the effects of interparticle interactions 
with a consequent increase in the difficulty of perform: 

As a rather arbitrary demarcation between the regions 
neglected and where they make a significant contribution, we cl 
molecules per initial air atom. This molecular density gives 1 
ibsorption coefficient at 12,000°K which is generally less than 
contribution over the optical frequencies. From Gi_more’s tables 


the temperature—density points responding to this 











urve labeled M in Fig. | is the locus of these points, and divic 
plane into two regions labeled atomic and molecular 

The curve labeled / in Fig. | divides the plane into two regions 
the interactions among particles may or may not be neglected. Again ar 
has been selected for determining the curve, namely, that the Coulomb 


between ions be |/50 of their thermal kinetic energy. i.e 


where r, the average distance between tons, is obtained from 
4 | 
\ 
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shown 1s obtained from (18) after some 
Further livisions over the parameter ranges may also be made. In Fig. 2 the 
the various processes make significant contributions are 


perature ranges over which the 


ATOMIC LINES - 


MOLECULAR 
LINES ANO 


CONT! 
CONTINUA PHOTO EFFECT + 


= SCATTERING 


FREE -FREE 





0.0 
TEMPERATURE 


as a function of temperature 


’ 


dicated, without reference to the density dependence of the effects. From this figure a 


the 
aph of “knowledge” versus temperature may be constructed, and is shown in Fig.3. Atlow 
nperatures, good experimental information ts available, while at high temperatures, the 
1 shape. The lack of knowledge indicated in the middle range 


ry sim ativeiry good 


S000 ““ Y/Y GOOD THEORETICAL 


r 


EXPERIMEN- 4, INFORMATION 
TAL INFOR- 
MATION 


% KNOWLEDGE 








wie 
0! 


100 
TEMPERATURE (ev 


rsus temperature of the absorption coefficient of air 


knowledge of atomic line absorption. This and other 


letail below 


ATION OF THE ABSORPTION COEFFICIENT AT 
LOW TEMPERATURES 
ilculations of the absorption coefficient of hot air have been performed 
air at temperatures in the range 1000°K to 12,000°K 
normal. The wavelength range covered in this calcula- 
ponding to a photon energy range of about 0-6 to 10 e\ 
-mperatures considered, very little dissociation has occurred, hence the 


e absorption coefficient arises from molecular transitions. For the 
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wavelength range under consideration, absorption occurs by excitation of the molecular 
bands associated with electronic transitions. As the temperature is increased, some of the 
molecules become ionized, thus giving rise to new band systems to contribute to the 
absorption. The electrons produced by the ionization of molecules can also contribute to 
the absorption by the process of inverse bremsstrahlung (free-free transitions). Some of the 
electrons react with oxygen to form O~, which makes a further contribution, since radiation 
may now be absorbed in the photodetachment of electrons from O-. Finally, at the highest 
temperatures considered in the low temperature calculation, sufficient dissociation of the 
molecules has occurred to permit a significant contribution from the photoelectric effect in 
atomic oxygen and nitrogen. In Table | the transitions included in the calculations at 


TABLE 1. TRANSITIONS CONSIDERED IN LOW TEMPERATURE ABSORPTION COEFFICIENT CALCULATIONS 
(CHECK MARK DENOTES INCLUSION) 


Temperature (" K) 


Transition 12,000 8,000 6,000 4,000 3,000 2.000 


NO(8) X "Il —> Bl 
NO(y) X *II —> A?Z 
O,S-R) X *X, —> Br, 
NA1*) A*L, —> Bl, 
N,(2*) Bilge —> C*lly 
N,*(1 ) X *x° > Bd 
O- photodetachment 
e tree-free 

N, O photoelectric 


various temperatures are shown. Only discrete molecular transitions were included in the 
calculations, whereas continuous transitions only were included in the case of the photo- 
electric effect, photodetachment, and of course, free-free transitions. 

The contribution of the molecular bands was found by calculating an average absorption 
coefficient over a set of frequency intervals corresponding to photon energy increments of 
0-25 eV. The mean value in such an interval is 


mcAy Loy 
\¥ 
where the sum is extended over all bands in Av. The population of a lower state is denoted 
by N,,-, and the Franck—Condon factor for the v’—v" band by g The effective oscillator 
strength for the transition is denoted by /,,,, where 


Sx" 


liu v1, RAY) (21) 


3he2 


ind R.(r) is the electronic transition moment, which in general depends on the internuclear 


separation r. 
The equilibrium composition of dry air, as given by GILMORE®), was used in the 


calculation of the population factors N,,-. From Gilmore’s tables the density of the various 
molecular and ionic species are first obtained and the numbers N,,- next calculated on the 
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us species are distributed over their vibrational levels according 
of N, it was necessary to extend 


it the var 


Boltzmann distribution he case 


t wer 
UO tOWE? 


were taken from the calculated values given in various 
n of the g values over one of the indices holding the other 


unity. the neglect of molecular transitions to the continuum Is a 


e sum rule is not satisfied for the O, Schumann—Runge transitions, 


rror may have been introduced by neglect of the Schumann 


12,000°K 


la well defined quantity for a given electronic 


} generaia 


1 particular initial state is a good approximation only 


final states such that 
frequencies is involved, so that v,, is well defined 
R. does give rise to a significant variation of R,.- among the 
transitions. This may result either from a weak dependence of 
he overlap integrals in g,,.,- project out a narrow range of / 


of both conditions (1) and (2) 


e of frequencies favors the validity 


| states in the continuum play an important role in the Schhumann-Runge 
1g to ambiguity in the definition of f and violation of the g sum rule, 
1. These uncertainties no doubt have a great deal to do 
Schumann—Runge 


are considerec 


ge of f values quoted in the literature for the O 


The values quoted for the other transitions appear to be more reliable, 


to some question. The f values used in the calculations were taken from 





Radiative properties of high temperature air 


various published experimental results“*® *). In particular, the measurement of Ditchburn 
and Heddle, which includes the continuum transitions, was assumed for O, (S-R), and those 


of Keck et a/."”) for the others. 
In spite of the above-mentioned uncertainties, the calculated contributions to the 


absorption coefficients are believed to be accurate to within an order of magnitude 


— 
6 
TEMPERATURE THOUSANDS 


Fic. 5. Relative contribution of transitions 


Furthermore. the calculated values can easily be scaled to include new and more accurate 
measurements of the f-numbers 

The contribution of O~ was obtained from the measured photodetachment cross-section 
of BRANSCOMB et a/.@* *) at low energies and the calculated cross-sections of BATES and 


9) 


Massey? 2% at higher energies. The free-free contribution was calculated under the 
assumption that only positive ions were effective as the third body in the absorption of a 
photon by a free electron. The absorption coefficient was then obtained from the Kramers 


formula, corrected by the gaunt factor as tabulated by BeRGeR“® 


151 





B. H. ArmsTrronao, J. Soxotorr, R. W. Nicwoiis, D. H. HOLLAND and R. E. Meyerort 


The most important photoelectric transitions in this work take place from initial states 
with principal quantum number n 2 3. These excited states are assumed to be nearly 
rydrogenic, hence the cross-section for absorption of a photon of frequency v in a transition 


from a particular initial state varies as v-*. The cross-section can be written 


ere f is the f-number. Therefore varies as v* for hydrogenic transitions. The total 
uy 
(31) 


llator strength for hydrogenic continuum transitions is approximately 0-2‘ It follows 
(23) 


vhere v, is the absorption edge of the /" transition. The contribution of this transition to 


Lit 


he absorption coefficient 1s 


(24) 


nsity of particles in the state. Since the requirement nm 2 3 implies 
eV or higher, the occupation numbers will be negligible at all but 
*s, hence the photoelectric contribution was ignored for all but 
low temperature range calculation. At this temperature dissociation is 
most of the density range considered, hence only N and O were 
dicUlidl 

ve results of the calculations are presented in Figs. 4, 5, 6 and 7. The 
ratio of the maximum value, regardless of wavelength, of the 
‘Nn process at a particular temperature and density to the sum of 
rr all processes at that temperature and density From the hgures it is seen 
lowest temperatures O, Schumann—Runge dominates with the two NO band 
In the intermediate range, the NO overtakes the O,, 
system of N,* dominates in the visible region. At the high 
ange the continuous absorption takes over, with the free-free 
: in the infrared and the photoelectric effect on N and O dominating 

let, respectively 
ns described above are believed to give a reasonably good picture of the 
ver the range of parameters included. Nevertheless, considerable 
vement remains. A major source of uncertainty in the calculations is lack 


liscussed in some detail in the report of Meyerort eft a/.“). Improvements in this area 


knowledge of the electronic f/-numbers in molecular transitions. This question 


wait better experimental data, or possibly the results of reliable machine calcula- 


The agreement between theory and experiment in the case of O~ photodetachment 


has recently been improved by the work of KLeIn and BruECKNER™?. These results should 


be included in future calculations. The role of neutral particles in free-free transitions 


should be investigated. An electron undergoing such a transition must interact with 


another particle conserve momentum. The interaction with neutral particles is less 
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effective, because of its short range, than the interaction with ions. Because of the large 
density of neutral particles, however, they may still play an important role in the free-free 
transitions. In recent calculations, Kivel AND BaiLey™) attempt to take the neutral 
particles into account, and find their contribution dominates that of the ions. This calcula- 
tion is open to some question, however, and further work in this area should be performed. 
The calculation of the photoelectric contribution is based on the assumption that the 
positive ion is created in a definite state. This is in general incorrect, so that while the 
calculation is adequate for the total contribution, it predicts the wrong wavelength 
dependence 
to the approximations and uncertainties mentioned above, several omissions 
ld be pointed out. Absorption by NO, was not included in the calculations. Comparison 


ited results with measurements in NO, by Deke et a/.™ indicate that 
the overall contribution of NO, is small. However, in many practical applications, all 
wavelengths below 3000 A are absorbed in cold air. The transmitted radiation thus lies in 


' 


the near ultraviolet a region of the spectrum, in which the NO, contribution ts 
mportant, and should be carefully investigated in future studies. There is also a possibility 
N.O. contributes at low temperatures, and this also should be investigated. Another 

N,* Meinel band system, which overlaps the N, first positive system, and 


some contribution in the photographic infrared 
? 


ATION OF THE ABSORPTION COEFFICIENT AT 
HIGH TEMPERATURES 


‘ 


the calculation of absorption coefficients falls into two parts, 


umbers and the calculation of cross-sections. In the low 


liscussed in the preceding section, the occupation numbers were 


For the high temperatures presently under consideration, the 


calculated, however, since Gilmore's results extend only to 


1 of interest, the interaction of bound and free electrons 


occupation numbers, hence these interactions must be 


| > | | tal 
cluded in the caiculation 


4 statistical mechanical calculation of occupation numbers, which includes the inter- 
ction of bound and free electrons, has been performed at Lockheed®. In this calculation 
volume containing the gas is divided into sub-volumes, called ion spheres. Each ion 

* contains one ion and, on the average, sufficient free electrons to render it neutral. 


here is characterized by the number N, of bound electrons in the 


probability that an 1on sphere chosen at random ts in the state J is given by the 


; . | ' le re " 
rand canonical ensemble expression 


P, 


where 2(, &) he partition function. The energy £, is the sum of the bound-free inter- 
action energy and the energy of the bound electrons moving in the field of the nucleus 
Thus £, may be written 


Ln (26) 


where 2 is the bound-free interaction energy per bound electron. The remainder of the 
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energy, £,", is assumed to be the same as that of an isolated ion in the same state, and 
hence is obtainable from spectroscopic data. The values used were those contained in 
Moore’s tables, supplemented by estimates of the missing values 
The value taken for 2 is 
3 iy + 


2 a 


where n, is the average number of free electrons per ion sphere and a is the radius of the 
ion sphere. This value of 2 is a rough intuitive estimate; we are now engaged in an attempt 
to determine the validity of this estimate. 

In terms of 

(28) 
(25) becomes 
e-B",—-BE) 
P, = - (29) 
Z (&p, 3) 
For a given temperature, the density can be calculated from «,. 

In calculating cross-sections, we again make the assumption of hydrogenic wave 
functions, as in the derivation of (24) for the low-temperature case. In that derivation, 
however, the assumption was tacitly made that the ejection of an electron from a definite 
initial state resulted in an ion in a definite state, i.e., that a single absorption edge is related 
to a given initial state. This is clearly not in general the case, since the electrons remaining 
bound in the ion may be in any of several states. 

Consider, for example, the ejection of a 2p electron from the state 1s*2s2p°(°P) of NII. 
The final state is not unique, but consists of a linear combination of *P, *P, *D, and *S 
terms of the 1s*2s2p* configuration of NIII. These terms have quite different energies as 
shown in Fig. 8. Thus it is clear that the ejection of the 2p electron leads to four distinct 
photoelectric edges rather than just one, as assumed in the low-temperature calculation. 











7 


5! 
' ! 


Fic. 8. Terms of the configuration : 1s? 2s 2p* of NIIL 





In the high-temperature calculation, this multiplicity of edges is taken into account, with 
a resulting increase in the accuracy of the spectral dependence of the absorption coefficient. 
In the transition considered above, the transition probabilities (not amplitudes) can be 
represented symbolically by 


| s*2s2p* (°P) > Is*2s2p* 4 4p : ao 8 + 535 | (30) 
9 18 9 
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1 final states 


(34) 


several temperatures 


ntegrals is a poor 


y. 10 illustrates 
of magnitude 


ground state 'S term. Under such 
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discrete transitions has been omitted. Inclusion of line effects is a very difficult problem; 
no adequate theory presently exists for the calculation under the conditions considered here. 
Some indication of the importance of discrete transitions is obtained from the calculation 
of their contribution to the Planck mean absorption coefficient discussed in the next section 
The results of that calculation indicate a large contribution from discrete transitions, and 
for temperatures of 5-10 eV and 9/9, < 10~', the mean absorption coefficient is determined 
almost completely by the line contribution 

These results clearly imply that line effects must be included in future calculations of 
mean absorption coefficients. To do so is not extremely difficult, since the mean can be 
calculated with sufficient accuracy without detailed knowledge of line widths and positions 
For many problems, however, the knowledge of only the mean is not sufficient, and detailed 
knowledge of the spectral dependence of wu, is required. In such cases, the line widths and 
positions must be known in greater detail than for the calculation of the means 

The possibility exists that even with accurate detailed knowledge of u,, our position 
from a practical point of view would not be improved. Complete knowledge of u, would 
be useful for calculations of radiation transport, for instance, only if the large number of 
discrete transitions can be grouped together in some way which renders them tractable for 
practical calculations, without destroying the accuracy of the calculations. The situation 
here is to be contrasted with that in the low temperature region, where discrete molecular 
transitions dominate. The situation there is generally much less complicated, since accurate 
experimental determinations of line widths and positions have been or can be made. The 


systematics of the lines are relatively well known, and can be described analytically with 


Cc onsiderable accuracy 


VI. MEAN ABSORPTION COEFFICIENTS 
From the absorption coefficients obtained by the methods outlined in the preceding 
sections, it is a straightforward matter to obtain the Planck and Rosseland mean absorption 


coefficients. The result for the Planck mean in the low temperature case is shown in Table 2 


TABLE 2. PLANCK MEAN ABSORPTION COEFFICIENT (CM™') AT LOW TEMPERATURES 
(SUPERSCRIPTS DENOTE MULTIPLICATION BY CORRESPONDING POWER OF TEN.) 


fe 


Density 


et at ae at at at at 
AnNMmwUN = 


These values were obtained from the results of Meyerott er a/.“), with the exception 
of those for 18,000°, which are an extension of these calculations. The value for 7 = 8000°, 
¢ 10-* includes the photoelectric contribution, which was not included in reference 1. 
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The approximation to the true absorption coefficients is very poor below about 6000°, 
since in this temperature range the main contribution to the Planck mean comes from very 
long wavelengths, which were not included in the calculation. A calculation of the Planck 
mean by Kivet and BaiLey™») leads to results greater than those shown in Table 2 by 
factors as large as 10° at 1000° K. The reason for this is their inclusion of the NO 


vibrational-rotational bands, which dominate at low temperatures. By 3000°, the two 
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Fic. 11. Planck mean absorption coefficient of air as a function of temperature for various 
densities (9, 1-293 x 10-%g/cm*) 


calculations differ by only a factor of ten or a hundred, and above 6000° are in substantial 
agreement. 

The contribution to the Planck mean of the continuous absorption coefficient at high 
temperatures has been calculated according to the methods discussed in the preceding 
section. The results of this calculation together with the low temperature results are shown 
in Fig. 11. To get some idea of the relative importance of discrete transitions, the line 
contribution has been separately calculated for nitrogen.* In Tables 3 and 4 the line 
contribution and the total of line plus continuous are presented for various values of 
temperature and the density parameter «. The relationship between « and density is given 
in Table 5. The discrete contribution was computed with the help of various sum rules 
and the radial integrals tabulated by BaTEs and DAMGAARD“», supplemented by the 
formulas of BURGEss and SEATON“). An attempt was made to include all transitions which 


* The work on the line contribution was sponsored by the Air Research and Development Command 
under Contract AF 29(601)-2774 and has not been reported elsewhere 
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contribute as much as | per cent to the mean absorption coefficient. This necessitated 
inclusion of about 700 multiplets, supermultiplets, and transition arrays of the ions of 
nitrogen 

The results of the calculation of the Rosseland mean are presented in Fig. 12. The mean 


free path rather than the absorption coefficient is plotted. Only the continuous contribution 


| ans en | 
KTiel~ 


Rosseland M.F.P. Ap, Air 


TABLE 3. THE DISCRETE CONTRIBUTION TO THE PLANCK MEAN ABSORPTION 
COEFFICIENT (CM™') FOR NITROGEN 
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TaBLe 4. THE TOTAL PLANCK MEAN ABSORPTION COEFFICIENT (CM 
INCLUDING LINES, FOR NITROGEN 


15 


5.5] 
1-05 
1-99 


.99 


7-91 


TABLE 5. Density OF NITROGEN AS A FUNCTION OF « AND k7 


e (g/cm*) 


is included. The results include calculations by Gi_More*) in the temperature range 0-7 
to 1-SeV. Calculations by KARZAs and Latrer™ at temperatures greater than 20 eV yield 


results which fit into these curves very smoothly, hence the smooth extrapolation, indicated 


by a dotted line, is included. 
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ON IRASER DETECTORS FOR RADIATION 
EMITTED FROM DIATOMIC GASES AND COHERENT 
INFRARED SOURCES 
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(Received 2 January 1961) 


Abstract—The principles involved in the construction of a detector based on the use of an infrared maser 
(i.e., an iraser) are described for diatomic molecules. The use of iraser detectors holds promise for increasing 
detector sensitivity over more conventional detector devices for a selected number of diatomic emitters, 
namely, for molecules with relatively distant rotational line spacing such as HCl or HF. The iraser device 
may also be used as a multi-wavelength, coherent infrared source 


I. INTRODUCTION 
Masers have found interesting recent applications in a large number of different fields™ 
In an important paper, SCHAWLOW and Townes) have examined theoretically the problems 
involved in extending the use of maser techniques to the optical and infrared regions of the 


spectrum. Following conventional usage, we shall refer to these devices as lasers (for visible 
or light masers) and irasers (for infrared masers), respectively. The extension of maser 
techniques to other regions of the spectrum than the microwave region has been discussed 
independently by PROoKHOROV®) and Dicke™). More recent contributions are described also 
in a symposium publication. All of the published new developments of maser techniques 
contain theoretical studies on atomic systems. The present analysis appears to be novel in 
two respects, namely, (a) it is confined to a molecular system and (b) it does not involve 


the use of selective filters. 
The proposed iraser detector or coherent infrared light source is shown schematically 
in Fig. |. The device consists essentially of a highly reflecting cylinder with elliptical cross- 


* Consultant; permanent address: Daniel and Florence Guggenheim Jet Propulsion Center, California 
Institute of Technology, Pasadena, Calif. The author is indebted to Mr. K. G. Sulzmann for checking the 


numerical work 
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On iraser detectors tor radiation emitted from diatomic gases and coherent infrared sources 
The preceding considerations suggest that, for p =~ 10-° atm, k,_,, is small compared 
the diffusion time to the wall may then be approximated by the relation 


i? 
103 


with 1, 


> 


if p is in atm and L in cm. Thus the diffusion time will be smaller than the radiative life 


1/A,_»¢ = 3 10-* sec if 


12 cm 


Hence rotational equilibrium should obtain in cylinders with diameters of the order of a 
few cm 

For HCl, the pressure required to make k,_,, {,_,, may well be smaller thar 
for CO and, in this case, the desired value of L might be as large as 10cm for the rotationally 


equilibrated systen 


lll. THE STEADY-STATE DISTRIBUTION OF VIBRATIONALLY 
EXCITED MOLECULES IN THE IRASER TUBI 


Ihe hot-gas tube in the iraser assembly may be a low-pressure discharge tube. For the 
sake of the following illustrative discussion, we shall assume that the hot-gas tube acts like 
an equilibrium source at 3000°K 

In order to determine the steady-state concentration of the excited molecular species in 
the iraser tube, it is necessary to solve the complete set of coupled differential equations 
allowing for all possible radiative transitions that are consistent with the selection rules 
Following conventional approximation procedures in preliminary maser studies), we shall 
content ourselves here with a zeroth-order approximation which is motivated by the fact 
that the assumed hot-gas source will emit strong radiant intensities only for resonance 
frequencies corresponding to transitions between the ground and first excited vibrational 
levels and is much weaker for more highly excited levels. We shall focus our attention on 
the 7, | level, i.e., on the seventh rotational level of the first vibrationally excited state 

Allowing for the selection rule A 1 and considering only the n = 0 and n 


levels, we obtain the following steady-state condition 


N.. , (As 


Here N, , denotes the number of molecules per unit volume in the /th rotational and ath 
vibrational state, the Einstein coefficients A and B are appropriately identified by subscripts 
ind ofv,,..,,-) denotes the incident volume density of radiant energy at the frequency 
corresponding to the transition /, 7 n. But* 
15 A. 


13 


* For tification of all the relations involving Einstein coefficients and matrix elements see, 
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¢ iraser tube. Use of the preceding relations in equation 


ex pi Tt Vic B 


of the gas in the hot-gas source at the 
approximate the volume density of 


pectral blackbody value at the spectral 


lr.) = explicw 


(2) 


is the requirement that the effective 


tate exceeds that in the ground state. Thus, for 


alN, » (15/17). Since it is impractical to raise 
o lower 7 nificantly below the boiling point of the 


mil 


on (2) that it will generally not be possible to operate 


large 


ul iraser system for ¢ ©. Thus, for 7 


Even if 7.. is decreased to a value just above 


100°K, we still find that (N,, 4/Ng. geo < | 
2990 cm™'!, and we can reduce 7, to 200°K. In this 


Ne 
\ 


1-O8 
ind V,,= 16 10° cm~ at 200°K and 10-° atm 
where we have assumed that roughly 50 per cent of the HCI molecules remain in the ground 


If 7, is set equal to 150°K, we find that 


vibrational state 


Results similar to those derived for HCI are obtained for HI 
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IV. MINIMUM NUMBER OF EXCITED MOLECULES REQUIRED FOR 
MASER-TYPE OSCILLATION 
[he number of vibrationally excited molecules in the upper state in excess of the 
number in the ground state present at the steady-state is almost equal to N, , only for 
very large values of N,, ,/Ns, 9. SCHAWLOW and Townes®) have derived an expression for 
the critical condition at oscillation. For the present application, their result may be written 


nL* 15 At) ts) A {2k 
l \; l = Ve. 0 - ; (3) 
4 | 167- u- TIN 


where / is the length of the iraser tube, / is Planck’s constant, « is the wall reflectivity at the 


in the form 


frequency under study, 4 is the surface area of the walls, ~? represents the square of the 
matrix element for the transition giving rise to a given spectral line, m is the mass of the 
emitting molecule, and & stands for Boltzmann’s constant. Equation (3) holds under 
conditions where Doppler broadening makes the dominant contribution to the spectral line 
width. We find that 


(2 yc 


Hence, for « 0-99 and 7, 200°K, 


A(l — a) —) 7. 10" 4 


TN 


or L=> 10cm 


and it appears that the critical condition for oscillation leads to requirements for the 
chamber diameter that may be difficult to reconcile, for the particular level examined by 
us, with the condition that a rotationally equilibrated population distribution is to be 


maintained (compare section II). 


V. METHODS FOR UTILIZATION OF THE IRASER DEVICI 

As a detector, the iraser device sketched in Fig. | can presumably be used in one of 
two ways. Thus we imagine steady-state operation in which we look for amplification of 
photons arriving in the direction of the iraser tube axis. Since induced emission occurs in 
the direction of the incident photons, the detector should show a significant response to 
the external light source under the specified steady-state conditions. 

The iraser detector may also be operated as a pulsed system. In a sense, an upper state 
with a radiative life of the order of 10~* sec may be considered to be metastable in view 
of the fact that detector response times of the order of 10~® sec are easily achieved in the 
infrared regions of the spectrum. After a steady-state distribution has been obtained in the 
iraser, the rate of decay of the excited states may be studied; the decay rates should be 
very different with and without a sufficiently intense external radiation source. For a 
sufficiently small cross-sectional area of the observed iraser volume and a sufficiently small 
solid angle, the characteristic decay time without external source should be of the order of 


the radiative life time. On the other hand, with a sufficiently intense external source 
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a4 


ng photons of the desired frequency in the preferred direction, the de-excitation time 


yuld be greatly shortened 


The iraser device should operate as a multi-wavelength, coherent, infrared light source 
the influence of an external source emitting suitable frequencies 
conclusion, it appears appropriate to stress the necessity for experimental studies of 
he proposed iraser device. An intelligent program will, no doubt, lead to extensive 
he scheme sketched in Fig. | although it appears likely that the essential 
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the temperature Te 


Schematic diagram of an iraser detector or coherent infrared light source 


tures, namely, rotational equilibration at low temperature and a vibrational population 


distribution determined by steady-state conditions on exposure to a hot-gas source will 


remain unaltered 
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MEAN BEAM LENGTH CALCULATIONS FOR RADIATION 
FROM NON-TRANSPARENT GASES* 


D. B. OLFET 


Daniel and Florence Guggenheim Jet Propulsion Center 
California Institute of Technology, Pasadena, California 


(Received 1 December 1960) 


Abstract—The mean beam length for radiation from a non-transparent gas may depend on the temperature, 
pressure and absorbing properties of the gas, as well as on the geometry of the enclosure. Mean beam 
lengths are studied for the following types of band structure: (1) bands composed of non-overlapping, 
collision-broadened lines; (2) bands which may be approximated by constant average absorption coefficients 
acting over effective band widths; and (3) bands composed of randomly distributed, collision-broadened 
lines. The temperature and pressure dependence of the mean beam length is studied for these types of 
band structure and expressions for the mean beam length are obtained for some simple enclosure geometries 


Il. INTRODUCTION 


For THE calculation of the radiant-energy flux from a gas volume, it is convenient to use 


the concept of the mean beam length.” 
The radiant-energy flux from an isothermal gas volume to a portion of its confining 
surface is given by 


H 


oT 


Sti de(o) o 

COS 9 dQdodA = oT*Ae(L) (1) 
J ws aoe 

e Q 


4 


which defines the mean beam length L. In equation (1), o is the Stefan-Boltzmann constant, 
T the temperature, dQ the solid angle subtended by a differential gas volume, ¢ the distance 
between the differential area dA on the enclosure surface and the differential gas volume, 
@ the angle between o and the normal to dA, and e(¢9) the total hemispherical emissivity 
for a gas of beam length op. 

In equation (1), the integral over p may be carried out directly to yield 


a” 


l 
e(L) tn cos ¢ e(r)dQdA 


4 2 


where r is the total length of gas across the enclosure in the direction of the differential 
gas volume. 

For some simple geometries, the radiation will be uniform over the entire surface of 
the enclosure and equation (2) will reduce to 


. 


I 
e(L) cos 9 e(r)dQ. (3) 


* This work was supported by the Office of Naval Research under Contract No. NR-220(03), NRO15401 
+ Now Associate Professor of Aeronautics, New York University, New York City, N.Y. 


169 





D. B. Ort 
In the special case of a transparent gas, the emissivity will be directly proportional to 


the beam length, and equation (2) becomes 
ire 
cos of dQdA 
ix J. 


(4) 


adiation to the entire surface area A of the enclosure, equation (4) reduces to” J 
is the total gas volume. Equation (4) shows that the mean beam length 
1 function of the geometry of the enclosure and does 


a non-transparent 


{1 where | 


or a transparent gas is simply 
depend on the conditions or properties « 


of the emitting gas. For 


is of interest to relate the mean beam length L, which generally does depend on the 
as conditions and properties, to the mean beam length L’ for a transparent gas 


Il. GENERAL REMARKS ON THE TEMPERATURE AND PRESSURI 
DEPENDENCE OF THE RATIO L/L’ FOR ARBITRARY ENCLOSURE SHAPES 
In order to determine the ratio L/L*, the form of the emissivity ¢(r) must be known 
The form of the emissivity depends on the band and line 
the band structure may be 


the particular gas considered 


For most cases of interest, 


tructure of the emitting gas 
described by one of the following three models.’ (1) Bands composed of non-overlapping 
collision-broadened lines, (2) bands which may be approximated by constant average 


ibsorption coefficients acting over effective band widths and (3) bands composed of 


randomly distributed, collision-broadened lines 


Py 1) j i» , , Syne LP } , lin 
i Bands Composed non-overiapping, coilision-broadene d ines 


yf 


For bands composed of non-overlapping, collision-broadened lines the emissivity e(r) 
vill be approximately proportional to r for small r (transparent gas) and approximately 
proportional to 4/r for large r. In the first case, Z L’ by definition for the transparent 
gas. When most of the beam lengths across the enclosure are large enough for the square 


root dependence to be valid, equations (2) and (4) yield 


( - | cosgyr didd 1) 


4 Q 
- | | cos @ rdQdA 
* 38 


ne 
i 


try of the enclosure. Therefore, for bands composed of 
is unity for small enclosures and 
Of course the 


llision-broadened lines the ratio L/1 


which depends only on the geor 
] 


veriapping, Cc 


a constant, independent of temperature and pressure, for large enclosures 

operties and temperature determine the size of the enclosure at which the transition 
t t 

This occurs when e(r) changes 


¥ rr 
gas pl 


occurs from L/L” of unity to the value given by equation (5) 

from the linear relation in r to the square root relation, i.e., when®) Spr/4b. is approximately 
k. dw, 

Ps 

p is the partial pressure (atm.) of the emitting gas, and 5b. is the collision half-width (cm~*). 


Since 5. is proportional to the total pressure, the transition is independent of pressure for 


unity, where S is the average line integrated intensity (cm~*-atm.~'), given by 


a pure gas 
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B. Bands approximated by average absorption coefficients 
For the case of constant average absorption coefficients k acting over the band widths 
Aw, the emissivity of the ith band is given by® 


Re, z 
¢,(r) re Aw [l-exp( — k,r)] (6) 
where R,,, is the blackbody radiancy evaluated at the wave number o, of the band center 
In order to investigate the temperature and pressure dependence of L/L’, it is convenient 
to consider first the value L, obtained by using only the emissivity ¢{r) of the ith band in 
equation (2). Use of equation (6) in equation (2) yields 


1 ff - 
[l-exp( — k,L,)] in cos 9 [l-exp( — k,r)] dQdA 


(Zan). « 


Now for temperatures low enough for the Boltzmann population factor to be neglected, 
k, has the temperature and pressure dependence 


k, oc p(T)”. (9) 


Reference to equation (4) shows that, for a given enclosure geometry, the value of r/L° in 
a given direction is independent of enclosure size. Thus L,/L° is a unique function of 
p(Ty*L°. Using brackets to denote functional dependence, this resu!t may be expressed by 


L, §.. Li jn Pe T; 
T2, Po, L T,, Pw \ — ae BF (10) 
L nn L P} rl; 


The ratio L,/L° will increase with increasing temperature for a given value pL” since 
L,/L° is a decreasing function of p(T)~? L’. 

Since the total emissivity of non-overlapping* bands is simply the sum of the band 
emissivities, the ratio L/L° may be determined from 

> e({L) = > ef{L)) (11) 
where ¢({L) and <¢{L,) are computed from equation (6). 

Since the relative importance of the various blackbody functions R,,, changes with 
temperature, in the general case of two or more bands of unequal intensity the temperature 
dependence of L/L° will not be the same as that given by equation (10) for L,/L° (however 
the pressure dependence will be the same). For bands of equal intensity, L will of course 


be equal to L,. 


* Overlapped bands may be broken up into smaller non-overlapped (just touching) “bands” with 
constant average absorption coefficients 
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Mean beam length calculations for radiation from non-transparent gases 


4. Spherical enclosure 
Since the radiation will be uniform over the entire surface of the sphere, equation (3) 


may be used. If D is the diameter of the sphere, equation (3) becomes 


5 


e(L) 2 cos osineg eDcos¢) do. 


. 
0 


Changing the variable to / D cos », equation (17) may be written as 
D 
e(L) — re(r)dr. (18 
D? 


. 
0 


Equation (18) is in a convenient form for use with tabulated hemispherical emissivities ¢(r). 
For a transparent gas, e(r) is proportional to r, and equation (18) yields L #D. 
The emissivity e(r) of non-overlapping collision-broadened lines is proportional to \/r 

for large r. Use of equation (18) yields Z '2D or L/L t for large r. Thus L/L° is 

very nearly unity for all values of r provided the lines are non-overlapped. 
The band emissivity ¢{r) given by equation (6) may be used in equation (18) to determine 

L, and L for bands approximated by average absorption coefficients. The following results 


are obtained 


In {1 — g(x,)] 


74 


. 
S Fi 


where 


and kD. 


The above results are also valid at small values of r for bands composed of randomly 
distributed collision-broadened lines (cf. section II~C). At large values of r, the following 
results are obtained for randomly distributed lines using P(S, S) = 6(S— S)* 

3 


-(In (l— A(y,) | 


‘R ‘R 
S dj S 7 ; \c » At } 


aT? 


: = 
where "4 P 


Vv Sb p 
, and j 
rf 


* It is well known that the emissivity is practically independent of the precise form of P(S, S) 
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The spectrum of H,O may be approximated by bands composed of randomly distributed 


ines. Using values given in reference 2 for the necessary parameters (7 1), equation (20) 
was used to calculate L/L” for Ht ) at large values of / The results (discussed in section 


Il-C) are given in Fig. | 


, Enclosure 


Use of equation (3) yields 
4 


ef 1) 


of LL) 


where A is the distance between the infinite parallel planes 


For a transparent gas, equation (22) reduces to J 2h. At large values of r whe 


(SO0/T°K) pl 


e(r) for non-overlapping collision-broadened lines is proportional to 1/r, equation (22) 
x vy 


reduces to l hor Lil 
The following result holds for bands approximated by average absorption coefficients 
g rt 4 e 


. R 
Aw, 2Ex,) (23) 


ig oT * 
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Mean beam length calculations for radiation from non-transparent gases 


where x, = KA and E,(x,) represents the case n = 3 for the tabulated integral 


du. (24) 


For randomly distributed collision-broadened lines at large r, the following result is 


obtained 


. Rk . R 
S re Se (1 S re 0, (I 4E.J y, (25) 


where E.(y,) is given by equation (24) with x, replaced by y, and m = 5. The terms c, and 


are defined by 


VA 


Enclosure consisting of an infinite circular cylinder 


For bands composed of non-overlapping collision-broadened lines at large values of L°. 


T(5/4) ]4 
r(7/4 00-9460 (26) 
{ ) 


where I denotes the Gamma function and / d with d being the diameter of the circular 


cylinder. 
The following result holds for bands approximated by average absorption coefficients: 


R ~*~ R- Aw 
; Sw, (1 —e ri f(x, 


—_— —— | = 


where x, = kd and /(x,) represents the tabulated“ double integral 


4 1 F COs ¥ 
f(x,) l-exp cos* ycos¥Ydydvd 
ri Cos 7 


D. Radiation to the center of the base of a finite circular cylinder 


The transparent gas mean beam length is given by 
l 2 |A(1-cos 9.) + Ri(l-sin ¢ (29) 


where ¢ tan~"(R/h) with R and A denoting the cylinder radius and height, respectively 
For bands composed of non-overlapping collision-broadened lines at large values of L 


Hi 1-cos 0.) R(i-sin 9.) 


8S\ (VA TI (cos 2.)?] + V RI 1-(sin o.)))* 
— , (30) 
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The mean beam length for bands approximated by average absorption coefficients may 


be computed from the following expression 


. R . R - 
‘S wl na S : O(k,H)— O(K,R) + O(AN H* + R*) 


sad 


_~ oT* —“—- oT* 
where Mz) 
is tabulated on p. 109 of reference 4 
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DIRECT MEASUREMENT OF LINE INTENSITIES AND 
WIDTHS IN THE FIRST OVERTONE BAND OF CO 


H. J. KostKOWSKI and A. M. Bass 
National Bureau of Standards, Washington 25, D.¢ 


(Received 30 January 1961) 


Abstract—The absolute intensities and widths of self-broadened lines in the first overtone band of carbon 
monoxide were measured directly with a small grating monochromator to an estimated accuracy of 5 per 
cent. The intensities were obtained at CO pressures below one atmosphere and the widths at pressures 
from 24 to 20 atm. Slit function corrections were made using the results of a paper‘) previously published 
by the authors. The intensities were found to fit the results of the rotation-vibration interaction calculation 
of HERMAN and WALLIs.‘*’ Spectral transmission calculations assuming a Lorentz shape for all the lines 


fit the observed data up to 20 atm. pressure 


SPECTRAL line intensities and widths are of basic importance for the solution of many 
technical problems. For example, they are useful for determining temperatures of hot gases 
or flames and necessary for the calculation of radiative transfer in a gas. Moreover, these 
parameters, when correlated with theory, furnish information on the structure of the 
radiating species and their interaction through collisions with their neighbors. 

This paper reports on the direct measurement of absolute line intensities and widths in 
the 0—> 2 rotation-vibration band of carbon monoxide. CO is of particular interest 
because of its frequent occurence in practical hot gas systems and the availability of a 


quantum mechanical calculation® of the rotation-vibration interaction and its effect on 


the intensities. 
Previous work on the intensities and widths of individual vibration-rotation lines is 


rather meager. In the case of the 0-2 band of CO, relative line intensities in emission have 
been reported by EATON and line widths, using equivalent width measurements, have been 
reported by EATON and THOMpsON™). No measurements on the absolute intensities of these 
lines have been reported though PENNER and WesBer“*®) calculated absolute line intensities 
from their measurement of the 0-2 band intensity. 


INSTRUMENTATION 

The experimental set-up utilized a modified Perkin Elmer doublepass spectrometer with 
13 cycle modulation. The prism and Littrow mirror were replaced by a 2} in. x 3 in., 
7500 lines per inch plane grating blazed at 3 u. The grating drive was modified to permit 
the grating to be rotated at speeds 1/4 that originally available. A cooled PbS detector 
was used. The cooled detector consisted of a 2mm x 0-2 mm cell mounted in a specially 
designed Dewar having a capacity of about 300 cm’, sufficient for 10 hr. operation on a 
single filling of dry ice and acetone. A pair of ellipsoidal mirrors formed a three times 
reduced image of the exit slit on the cooled detector. The optics of the spectrometer were 
adjusted until the observed profile of the 2-05 u helium line obtained from a 5 mm Hg 
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pressure electrodeless discharge was symmetrical and of minimum width. Using a 500 W 
1. 
at 


projection lamp as a source it was possible to obtain a spectral slit width of 0-25 cm 


4200 cm~! with a signal to noise ratio of about 500. 

Gas absorption cells of lengths from | cm to 100 cm and known to § per cent or better 
were used. Cells of conventional design, (glass or quartz tubes with glass or quartz windows 
either cemented or fused to the ends) were used for measurements at pressures less than 2 atm. 
For measurements at higher pressures, transmission cells were constructed of stainless steel, 
based on the design of Wetsn, et a/®. With these cells windows of synthetic sapphire 
(i in. diam., } in. thick) were used. The pressure-tight seal was made by squeezing a gold 
0-ring gasket between the polished optically flat surface of the window and the polished 
optically flat surface of the hardened steel “lens ring” 

Line intensity data were taken at pressures from 1/4 to | atm. and line width data from 
24 to 20 atm. Pressure measurements were made with Wallace and Tiernan pressure gauges 
calibrated at the National Bureau of Standards to an accuracy of | per cent or better. 
Measurements were made at a gas temperature of 27°C (Int. 1948). The temperature was 
determined with a calibrated copper-—constantan thermocouple placed in the absorption 
cells prior to the actual spectral measurements. The temperature is considered reliable to 
| or 2°C. The CO used was analyzed mass spectrometrically. It consisted of 98-8 +- 0-3 mol 
per cent CO, 0-9 mol per cent hydrogen and the remainder nitrogen, oxygen, carbon 


ron pentacarbonyl 


LINE INTENSITIES 
The procedure for determining the absolute intensity of an absorption spectral line was 
the line with the absorption cell first containing CO and then evacuated; 
compute the spectral absorption coefficient from the measured spectral transmission; 
numerically integrate the observed absorption coefficient over the line and apply the 


function correction to the resulting integral or intensity. The following 


equations define the observed absorption coefficient and intensity 


(1) 
(2) 


(v) are the signal outputs or recorder deflections at a spectrometer frequency 


1g vith CO in the absorption cell and the cell evacuated respectively. k,,(v) is the 
erved absorption coefficient, p the CO pressure in atmospheres, / the geometrical path 
the cell in centimeters and S,,, the observed line intensity. Integrations were 
performed using Simpson's rule. Accurate values of /°%(v) were obtained by setting the 
spectrometer for the wavelength of the trough between the line of interest and an adjacent 
line and successively letting CO into the evacuated cell and pumping it out. Under the 
conditions of pressure and path length for which the intensity data were taken, the trough 
absorption was always less than the noise which was about 0-2 per cent of the signal. 
Therefore, it was assumed that the transmission in the troughs was unity and the observed 
[°* (v) was fitted to the /°*(v) runs to make this identically true. 


The observed line intensities were corrected for the effect of the instrumental slit 
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function, the contribution from the wings and the presence of isotopic CO lines. The cell 
path length was chosen so that the peak absorption of the line under observation was 
calculated (using best estimate of widths and intensities obtained in preliminary investiga- 
tions and other studies and assuming a Lorentz line shape) to be about 30 per cent. This 
corresponded to an observed peak absorption of 15 per cent or less and often about 5 per 
cent. The slit function corrections were made using previously published graphs™ and a 
spectral slit width to line half-width ratio obtained experimentally in a manner to be 
described later. The slit width correction to the intensity ranged from | to 7 per cent, and 
wing corrections, assuming a Lorentz line shape, ranged from 2 to 5 per cent. The total 
correction, which resulted in an intensity greater than that observed, ranged from 4 to 9 
per cent and was usually about 6 or 7 per cent. Four to six intensity determinations were 
made for each line reported and the precision was such that the standard deviation of a 
single determination about the mean was about 2} per cent. Experimentally determined 
intensities were obtained for 20 lines and are listed in Table 1. 

In order to obtain the intensities of CO lines in the 0-2 band which were not measured 
and in order to check the validity of existing calculations on relative line intensities, attempts 
were made to fit the simple rotor’*), OPPENHEIMER) and HERMAN-WALLIS® calculations to 
the experimentally determined intensities Only the Herman-—Wallis results fit the observed 
intensities within the experimental error. 

The intensity of a line resulting from a transition J” —> J’ in the first overtone band of 
CO may be expressed as, 

E 


™ 
Sj. (m) m|\ vj}. Fim)e *7 K (3) 


where the double prime refers to the lower energy level. K is a constant for all the lines 
in the band, E,- is the energy of the J” rotational level, T is the Kelvin temperature, F(m) 
is a correction factor for rotation-vibration interaction where m equals — J” for the P lines 
and J” + 1 for the R lines, and v}- is the frequency in wave numbers of the transition 
J” —» J’. Using the physical constants of the CO molecule obtained by PLYLER, BENEDICT 
and SILVERMAN,” Herman-—Wallis give for 0 —> 2 band of CO 

F(m) = 1 + 0-00528m + e(m, m*) (4) 
where e(m, m*) represents small correction terms. For lines m = 21 and 35 the small 
correction terms effect F(m) by less than 1-0 and 2-0 per cent respectively and were therefore 
neglected. Using this expression for F(m), K in equation (3) was calculated for each of the 
twenty observed lines and found to be constant within the experimental error. The value 
found was 3-80 x 10-* atm~! cm™ with a standard deviation of a single value about the 
mean of 2-6 per cent. Using this value of K, line intensities up to J” = 35 were calculated 
and are reported in Table |. The line intensities in Table | differ from those obtained by 
PENNER and WEBER,“ ® from the total band intensity, by 7 per cent to 70 per cent depending 
on the line. 

We estimate the line intensities reported here to be accurate to 5 per cent. 


LINE WIDTHS 
Most of the measurements of CO line widths were made at pressures of 5 and 10 
atmospheres of CO. The procedure for obtaining data for line widths was similar to that 
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obtaining intensities. However, the method of analysis was different. In the case of 

ne intensities, the pressure was sufficiently low so that each line was well isolated from its 

eighbors. That is, the overlap was very small. At the pressures used for line width 

neasurements the overlap was not small and had to be subtracted before the width of a 
line could be determined. The manner in which this was performed was first to assume a 
Lorentz line shape and to calculate the ratio of the total overlap at the peak of a line to 


he total absorption coefficient in an adjacent trough 


Total overlap ol absorption 
coefficient at peak of line 


Total absorption coefficient at 


trough between lines / an 


where k, (v,) and &; (v ) are the absorption coefficients of line j/ evaluated at the peak 
of line i and the trough between lines i and i-1 respectively. To perform this calculation, 
the previously determined intensities and the widths obtained from preliminary data and 
subsequent successive approximations were used. Though the overlap does depend strongly 
on the assumption of a Lorentz line shape or on the particular widths used, the ratio in 
equation (5) does not. Therefore the ratio can be calculated with considerably greater 
accuracy than the overlap. The second step in obtaining the overlap at the peak of a line 

to determine experimentally the total absorption coefficient in the trough adjacent to 

line in question, i.e. the denominator of equation (5). Since the absorption coefficient 


e troughs of the CO lines varies only slightly over the extent of the spectral slit width 


merator or overlap can be computed. Since the width of a line is 
at which the peak absorption coefficient of the line has decreased to 
the overlap ratio in the vicinity of the half-width must also be 


the observed absorption coefficient at the peak and in the 
a line due to that line alone were obtained, and the observed 


width of the line measured. The pooled standard deviation of each of the determinations 


about their respective means was |-3 per cent. 


The actual half-widths «, were obtained from the observed half-widths «?" through the 


equauon 


Correction factor (6) 


in which the correction factor was obtained from Figs. 2 and 3 of reference (1). In order 
to utilize Fig. 2, the ratio of spectral slit width to line half-width is required. This was 
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TABLE 1. EXPERIMENTAL AND CALCULATED ABSOLUTE INTENSITIES FOR 

THE FIRST OVERTONE BAND OF CO AT A TEMPERATURE OF 300°K. 

CALCULATED VALUES WERE OBTAINED USING THE HERMAN—WALLIS 
FORMULAE AND THE EXPERIMENTALLY DETERMINED K 


S,- (atm™' cm~*) 
P Branch R Branch 
Experimental Calculated Experimental Calculated 


160 10-* 163 10-¢ 
158 10-4 317 321 

303 467 

428 592 

527 658 691 

598 760 

638 797 
651 810 805 
638 TRS 
604 742 
555 695 682 
495 610 
430 532 
365 465 

301 
243 301 
192 
148 
112 


IDULhwWN— © 


02 
84 
10 
642 
371 
-209 
0-116 
0-0629 





obtained, as described in reference (1), by measuring the observed width of a line at two 
pressures differing by a factor of 2 and using Fig. 9 of reference (1). The slit width to line 
half-width ratio was also determined by measuring the observed width of a line with two 
spectral slit widths differing by a factor of two and using Fig. 10 of the same reference. 
The ratio of two for the spectral slit widths was obtained by alternately adjusting the slits 
and scanning over the 2-05 helium line obtained from a low pressure microwave discharge. 
This line is considered to have a width at least ten times less than the instrumental spectral 
slit width, and therefore its scan should be very close to the slit function. Table 2 gives 
some typical data for the P4 and R3 lines using both the pressure and slit width variation 
methods. This procedure was carried out for a number of lines, and Table 3 gives 
experimental «,’s as a function of m together with interpolated «,’s obtained from a smooth 
curve fitted to the experimental values. 

Although the observed line widths depend on the assumed line shape because the 
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Taste 2. Typx x BY THE PRESSURE OR SLIT WIDTH VARIATION METHOD 


Spectral slit width variation 


P4 0-442 831 ! 197 3 0-415 0-23 
rR? 0-438 ; ; ? 2 0-408 0-25 





m® THE FIRST OVERTONE BAND 


Taste 3. EXPERIMENT 
4 TEMPERATURE OF 300°K 


ve CO ar $07 aT 


re is not great. Under the present 


a’ 


i an inverse 3/2 power rather than the 


iu 


the observed line widths would be in error 


c il 


Furthermore Fig. | of reference (1) shows that the correction factor 


on line shape. So even the line shape were not known, the present 


‘ful. Moreover. in the case of CO, measurements to be discussed in 


it least an approximate Lorentz line shape. Taking these factors 


precision ible, the uncertainty of the CO line half 


Table 3 is about 5 per cent 


SHAPES 
pectral lines as reflected at the troughs of the 
rom the observed transmissions were compared 


1d width reported in this paper and 
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TABLE 4 COMPARISON OF EXPERIMENTAL AND CALCULATED TROUGH ABSORPTION 
COEFFICIENTS AS A FUNCTION OF PRESSURI 


> 

re ul 
Spectral position Pressure . 
Difference 


{ ) 


(aim) 
Experimenta alculated 


RO-—P1 (Midpoint) 5-07 0-0180 0-0185 
10-24 0-0712 00-0741 
20-48 0-269 0-272 


40-72 0-832 0-906 


R18—-R19 (Midpoint) 5-07 0-0498 0-0464 
10-24 0-172 0-169 
20-99 (0-488 0-507 
40-72 1-00 1-13 


P21-—P20 /2-25cn 7 0-00450 0-00454 
from P21! é 0-0181 0-O181 
0-068 3 0-0669 


(195 0.199 


assuming a Lorentz line shape. Table 4 gives the results of this comparison. Except for 
the case of 40 atm. pressure, the agreement is within the experimental error and supports 
the assumption of a Lorentz shape. The disagreement at 40 atm has not been explained 

Line half-widths were also obtained from the measured value of the absorption 
coefficients at the peak of a few lines. Taking account of overlap as previously described 


ind correcting A*""(v,) from graphs in reference (1), the half-width was calculated from 


which assumes a Lorentz line shape. The widths obtained in this manner for R3 at 5 and 
10 atm pressure were 6 and |! per cent lower than the values obtained directly. For P4, 
these widths were | and 5 per cent less than those obtained directly. These results further 
confirm a Lorentz line shape for the CO lines and, in general, confirm the overall consistency 


of the methods of this paper 


SUMMARY 
Ihe absolute intensities and half-widths of lines in the first overtone band of CO have 
been determined to an estimated accuracy of 5 per cent by direct measurements of these 
parameters and corrections for overlap and slit function. Agreement betwee 
and calculated transmissions at the troughs and peaks of the | 


Lorentz line shape and linear pressure dependence for the width 


from 24 per cent to 20 atm. Because the spectral slit width of t 
5 l 


about 0 cm™' the data on line widths had to be obtained at 


However, with spectral slit widths as small as 0-025 cm 
| 


aregee 


ymmon-place, this method should be applicable for a 
below one atmosphere. Moreover, the lower pressures should make possible a 
wccuracy because of the reduced overlap which is approximately proportional to 


the square of the pressure 
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J. POMERANTZ 


I. INTRODUCTION 
DuRING the past decade the shock tube has become a widely used and important tool in 
the physics of gases at high temperatures. The shock tube is being used to study the 


, the equation of state of gases, the 


kinetics of the approach to thermal equilibrium 
determination of dissociation potentials, the electrical conductivity of ionized gases), 
magneto-hydrodynamic phenomena®~*®), atomic and molecular spectra and various 
radiation phenomena‘: * '°-'), The flow behind the shock front is essentially one dimen- 
sional, i.e., except for a thin boundary layer along the tube wall, the pressure, temperature, 
density, and degree of ionization are constant over any cross section. This makes the 
shock tube of particular value as a source of spectroscopic light from a gas whose 
temperature and electron density behind a primary or reflected shock may be calculated 
from the initial conditions ahead of the shock and the easily determined speed of the 
primary shock. Shock tube measurements of the broadening of spectral lines at temperatures 
comparable to that of stellar atmospheres may be used by the astrophysicist to help 
determine the structure of stellar atmospheres“. Experimental and theoretical studies in 
connection with the shock tube might also help the astrophysicist in the understanding 
of novae. 

Some studies of the shock tube have concerned themselves primarily with the non- 
equilibrium region directly behind the shock wave, that is, with the processes that occur 
in the approach to equilibrium. The complexity of the non-equilibrium phenomena 
involved depends on the strength of the shock wave and on the type of gas. In a diatomic 
gas, the very high translational energy at the shock front gradually goes into rotational 
and vibrational energy, and into dissociating the molecules. At still stronger shocks the 
atoms of the dissociated gas become ionized. In monatomic gases, there is no loss of 
energy to vibration and dissociation, and the phenomena of ionization may be studied 
without the complications of vibrational and dissociational relaxation. However, although 
substantial progress has been made, the kinetics of the approach to equilibrium is not fully 
understood even for a simple, monatomic gas such as argon®). 

A typical measurement of the intensity of the continuum radiation for a relatively weak 
shock wave of Mach number 11-4 advancing into argon at a pressure of | cm Hg shows 
that there is essentially no rise in radiation during the first 8 usec of flow, and the intensity 
then rises rapidly during the next | 1 usec toa maximum (see Figs. 10(a) and (b) of reference 5) 
This maximum “equilibrium luminosity” is considered to correspond to the conditions 
calculated for the thermal equilibrium of an ionized monatomic shock behind the shock. 
The time required to reach this equilibrium decreases markedly with increasing Mach 
number, and it decreases with increasing density of the gas ahead of the shock. An increase 
of the impurity content of the gas will also cause a decrease in the time required to reach 
equilibrium.“ }° 
non-equilibrium region, but rather with the broad region behind the plane of equilibrium 
luminosity. 

PETSCHEK ef a/.@®) and TURNER») find that the luminosity decreases with distance behind 
the point of equilibrium luminosity until the cooling of the gas by radiation losses has 
decreased the electron density and temperature to the point where the luminosity cannot 


This theoretical investigation will not concern itself with this narrow 


be detected by the particular measuring equipment, or until the luminosity is quenched 


at the colder interface of the driver gas. The rate of cooling of hot argon has been determined 
from experiments concerning the time variation of (1) the continuum radiation™*), (2) the 
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line shift", and (3) the electrical conductivity of the gas). They concluded that the 
dominant heat loss under their experimental conditions was the continuum radiation 
Their data and the data of ELENBAAS@® and RYABININ ef a/.“7), just to mention a few, 
show that the intensity of continuum radiation becomes dominant at increasing 
temperatures 

Calculations by the writer showed that for shocks of strengths less than about Mach 17 
advancing into argon at the density corresponding to the pressure of 1/76 atm, the absorp- 
tion of continuum radiation is small. PETSCHEK ef a/.') thus appeared justified in neglecting 
self-absorption in calculating the effect of cooling on the gas dynamic variables behind 
the maximum luminosity front. Conditions, however, change rapidly with increasing 
density. For example, at a wavelength of SOOOA the intensity of the radiation is diminished 
cm of the gas at thermal equilibrium behind 


+ 


about 100 times more in passing through 
a Mach 17 shock wave advancing into 1/10 atm of argon, than it is diminished for 7 cm 
of gas behind a Mach 17 shock wave advancing into 1/76 atmosphere of argon. Further- 
more, the absorption of the continuum radiation in denser media will be shown to result 
in a marked decrease in the cooling rate. 

Interest in such higher densities has been increasing because high densities are necessary 
to achieve Reynolds number simulation. The Reynolds number R(= eUd/u) is the 
appropriate parameter involving viscosity which leads to dynamic similarity of geometrically 
similar flows. The symbol ¢ denotes the density, U the velocity past a fixed obstacle having 
a representative dimension d, and wu is the coefficient of viscosity. Thus, it is desirable 
that the density in an experiment involving a model should be increased in exactly the 
same proportion that exists between the full size of the body and that of the model. The 
need to simulate another flow parameter, the Mach number (U/a) where a is the velocity 
of sound, more specifically, the need for high flow Mach numbers behind the shock front 
has led to the addition to the conventional shock tube of a diverging nozzle and an enlarged, 
constant area test section™® ™, The nozzle converts the low Mach number (no higher than 
Mach 3), very high temperature flow behind a shock wave in the shock tube into a high 
Mach number, low free-stream temperature flow in the larger diameter tube. However, 
this is accompanied by a very large drop in the initial density, which from the standpoint 
of Reynolds number simulation is undesirable. Furthermore, the task of measuring 
pressures and observing optical effects becomes more difficult at the resulting lower 
densities in the test section. This can be remedied by having as large an initial density as 
the means of driving the shock will permit. It is thus evident that absorption of radiation 
will play an important role as stronger drivers for the higher densities are constructed. 

A method for calculating the variation in the gas dynamical variables when only the 
emission of radiation is taken into account has been given by PETSCHEK ef a/.“*), Thus, if 
absorption is neglected, the rate of energy loss per unit volume due to emission that enters 
into the equation of energy is a function of the temperature and electron density of only 
that element of volume for which the change in variables is being computed. However, if 
both emission and absorption are considered, then the expression for the absorption of 


energy that enters into the equation of energy depends on the radiation emitted from every 
element of the luminous region, modified by the absorption along the paths from each 
emitting element to the point in question. In other words, the absorption at a point depends 
on the complete structure of the luminous region which one is seeking to determine. 

The principal problem of this theoretical investigation was to find a way of taking this 
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absorption into account and to show how this will modify the variation of the flow variables 


behind the maximum luminosity front. This is done in Part V for a “shock tube” of 
nfinite radius, or what is equivalent, 


depth. Such a tube would be one in which there is essentially no contribution of radiative 


for one whose radius is of essentially infinite optical 


I 


energy to a volume element from points in the same cross section that are sufficiently far 
removed. Furthermore, in Part VI is presented a method for finding the effect of the 
absorption of continuum radiation at points near the center line of a shock tube of finite 
optical depth. Numerical calculations were not performed, however, for this case 


A secondary, but nevertheless very important, problem was (1) the choice of a formula 


which expressed the lowering of the ionization potential in a plasma (hot ionized gas) as 
a function of the conditions in the plasma, and (2) the determination of the effects that 
this variable ionization potential has on the conditions at the plane of maximum luminosity 


and at points behind this plane 
The conditions in the hot ionized monatomic gas at the point of maximum luminosity 
generally assumed to correspond to the equilibrium conditions behind the shock as 
determined from the Rankine-Hugoniot conservation equations for mass-flow, momentum, 
and energy, together with the equation of state and the Saha equation.‘ Also, it has been 
recognized by some workers in the field of plasmas‘ *: *) that the ionization potential 


1g in the Saha ation and in the formula for the emission of continuum radiation 


wered by the presence of | and electrons from the value which strictly speaking 


licable to ar However, the literature discloses that use of the lowered 
ition potential has not been made by shock tube researchers when they calculate the 
librium conditions behind a shock wave. There is, moreover, as already has been 
some question a at the ionization potential should be. Part IIl contains a 
sion of the work done by ious authors in finding the lowered ionization potential. 
The formula given by ECKerR and hosen as the most promising. However, 
tal investigations are needed to verify this formula 


experimental inve 


jal on the equilibrium conditions behind 

an iterative process. The results 

ization potential. Also given are results 

ionization potential varies with the Mach number 


id of the shock 
of energy for a very hot gas contains a 
onization potential. To find the manner 


pressure, density, flow velocity, and the 


he shock front, it is necessary to combine 
e equations of the ionization potential, state, and ionization 


equiliorium (Saha), and the conservation equations of mass and momentum with the 
equation of energy. The resulting system of equations are presented in Part V. 
These equations are solved both with and without the inclusion in the energy equation 
the term for the absorbed energy. Results are presented for shock waves of about 
ito argon at densities of both 1/76 and 1/10 atm, and for a 


! IO « 


Mach number |7 advancing 1 
shock of Mach number 16 advancing into 1/2 atm of argon 
nin Part Il of the formula for the emission of continuum 


h 
i 


4 derivation will be give 
radiation from a partially ionized gas. A clear derivation of this formula from the emission 
point of view could not be found in the literature, and it was considered desirable to present 
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such a derivation starting with the time-dependent perturbation theory such as is given in 
Chapters VIII and X of Schiff’s ““Quantum Mechanics.” 


Il. TRANSITION THEORY AND THE EMISSION OF 
CONTINUUM RADIATION 


1. Introduction 

In a semiclassical treatment of radiation a plausible and correct account of the effect 
of an external radiation field on a system of particles can be given for absorption and 
induced emission.@® The electromagnetic field is treated classically and the particles by 
quantum mechanics. But the theory does not give the influence of the particles on the 
field, and thus does not predict the spontaneous emission. However, it follows from the 
theory of quantum electrodynamics (p. 400, reference 20) that the spontaneous emission 
may be regarded as an emission induced by the “zero-point” oscillations of the electro- 
magnetic field. If the proper intensity of the zero-point field is found, then the semiclassical 
formula for induced emission may be used to obtain the correct expression for the 
spontaneous emission. 

Many authors have contributed to the development of expressions for the emission 
and absorption of discrete and continuum radiation.@*-*”) It is not always easy to find 
the exact connections between their methods of treatment. In the following pages we 
attempt to give a straightforward deduction of the equations we shall need, starting from 
the treatment presented in Schiff’s book. 


2. Perturbation theory 

The effect of electromagnetic radiation on an atom can be found by the use of time- 
dependent perturbation theory. The transition probabilities between one quantum state 
and another for bound electrons or free electrons (in the vicinity of an atom) are obtained 
by the use of the Schrodinger wave equation 


(H, H’)y¥. (1) 


Here H, represents the unperturbed Hamiltonian 
h* 
H —— A V(r), 


0 ' 9 
STU 


while H’ represents the first order perturbation due to the radiation field 


ieh 
H ——— A « grad. 
27 ILC 


A is the vector potential of this field. For the case of a polarized plane wave with propa- 
gation vector k and angular frequency » we write the components of A in the form 


{ {exp {i(k+ r — wt + «)} + exp {— i(k- r — of + «)} 


where the A, are the amplitude factors. Since the vector potential A is perpendicular to 
k, we have 
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Moreover, 


cy (k? 


‘ and 2 is the wavelength. 


where v is the frequency of the radiation in sec 

By calculating the electric field strength vector E, the magnetic field strength vector H 
and the Poynting vector, it is found that the average over a period of oscillation of the 
energy transmitted by the wave through a surface perpendicular to k of unit area in unit 


time, is given by 


This quantity is the radiation intensity associated with the plane wave. 

In a radiation field we never deal with absolutely plane waves having a single frequency 
but with radiation within a solid angle do and having a range of angular frequencies dw 
The intensity of polarized radiation within do and dw is represented by 


It ») de ) do. 
We therefore take 


Kw) dw do (4) 


In order to solve equation (1), we introduce the normalized eigenfunctions U, exp 


2ni E,t/h) of H,, with the corresponding (discrete or continuous) eigenvalues E, and put 


n 


x3) exp (—2z7iE,t/h) (5) 


integration over the continuous set. Any complete orthonormal set of functions such as 
U., possesses the orthonormality property 


(U°U, dt & hor a(n 1), (6) 


where the integration is over the entire space. The symbol 4,, is the Kronecker delta that 
equals unity if m = m and is zero otherwise, and applies if either n or m, is one of a discrete 
set, or when both belong to the discrete set. The function 4(7 — m) is the Dirac delta 
function 4(x) (Schiff p. 50) with the properties: (2 — m) = 0 if mn # m, and 


1d (n m) dx 


where the region of integration includes the point x = 0, and it applies if both n and m 
belong to a continuous set. In either case, for an arbitrary function / there holds the 
relation 


The connection between the above notation and the notation which employs eigendiffer- 
entials will be considered later 
Upon substitution of equation (5) into (1) and use of the relation H, U, 


—") 


obtain 
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We multiply from the left with U>, integrate over all space, and making use of the ortho- 
normality properties of the U’s, obtain 
a Bm, ' ans 
—— = — Sa, exp (iw,,,t) | U,,H’U,dr, (7) 
di ih . 
; 2n(E,, — E,) 
where w,,, is defined as a wane 
1 
Now, in nearly all cases of interest, the wavelength of the radiation is very much greater 
than the linear dimensions of the region where the functions U,, and U,, make a substantial 
contribution to the integral. We can therefore, as a good approximation, set expi k-r 
equal to unity, since k- r will be quite small. The integral in equation (7) is then given by 


at ich [., é 
U,,H’U,at = —— | U,,\ A, — A,=— + As— } U,dt- 
¢ 27 cy 0) c Xo CXg 
exp(—— iwt + ix) + exp(iwt — ia)). 
In order to transform this expression we first consider the integral 


I = {ff dx, dx, dx, x,(U,AU, — U,AU,). 


. , &U,, FU, 
We observe that | dx, x, | U, —>~ — U,, - 0 


> 5) 
ax} ax} 
and 


as is easily verified by integration by parts. 
Hence ¥ simplifies to 


g | dx, dx, dx, a (U, 
Integration by parts gives 
s=|| [ax, dx, dr, { U, 


0Uu 


2 | dx, dx, dx, U, 


On the other hand 


Sr7u 
and ——{VU,, 

h* 
Multiplying the first equation above by U,, and the second by U, and subtracting, we 
can write 

rir i 8x2u 

| | | dx, dx, dx, x, —-(E,, 
“we r 


4x0, : = , 
. | u; x, U, de. 
h i 
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uM \ Kh )} dw de 


1. all other 
j 


1 77a) 


, 


» eithe 
Ss away 
om we 
respect 


and uM 
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permissible to take the limits as w Oand w t The right hand 


acquires the factor ¢. Dividing by ¢, we obtain 


a 


Ihe quantity on the left hand side is interpreted as the mean increase of the probability 
that the system arrives in the state m during the in f, Or, In Other words, a 
the transition probability from the state n to the unit time. Equation (12) is 
valid for both absorption and induced emission 


We must now consider radiation coming from rections and with all directions of 


polarization. This means that the vector A can | all directions in space with equa 


probability. Returning to equation (10), we introduce 


and 


Equation (10) then gives 


from which 


The mean value of W over all directions of A is given by 
W- 
where use is made of equation (4). If we now grate equation (12) with respect to 
over the sphere, we have for radiation coming from all directions 
a,.\* 647-°e- 


Ile 


thr" 


Spontaneous emission 

As mentioned previously, it follows f 
we may regard the spontaneous emi: 
oscillations of the electromagnetic 
zero-point field is found as 
within an interval dw 
hy The number of sin 
volume V, having all possible d 


for each direction of propagatior 
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The radiation intensity corresponding to this energy ts 


~F 
ik, 


It v)dv 


or in terms oO! @ 


Hence 


The transition probability per unit time, for a spontaneous transition from a state n to a 


lower state m is, therefore, found by inserting this (w) into equation (15). We obtain 
a,,|*° 64rn‘e*v® 
+ (16) 
vic 


(cf. Schiff, equation (36-22) is Einstein's coefficient of spontaneous emission 


\ rev lis rentunc}? 4; ret c 
Qiized eivgensjunci Giscreté Case 


To evaluate |r|? = (y? + y3 + y}) for a hydrogen-like atom with nuclear charge Ze 
for transitions between two discrete states, between a discrete and a continuous state, or 
between two continuous states, we must have the normalized energy eigenfunctions for 
the discrete and for the continuous spectrum 

The normalized eigenfunction corresponding to the principal quantum number a, 
izimuthal quantum |, and magnetic quantum m for the discrete case (E,, 


Uim 


0) js(2® 22. 23) 
(17) 
where the normalized spherical harmo 


, expressed in terms of the associated Legendre 
unction P™ (cos 9), I 


as the form 


und the radial function is the real function 


V_ exp | rk, 
| 


an 


and n, 


4x*uZe* 


The symbol a, is interpreted in the old Bohr quantum theory as the radius of the smallest 


electronic orbit of the hydrogen atom. The function F is defined by 


s) 2° 
(a) ZT(8 +s)s! 
Se=Q 


where T is the well-known gamma function. The relation between this function and the 
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' (2rk,,) is (compare the R,, of 


perhaps more familiar associated Laguerre polynomial 1? 
Schiff’s equation (16.24) with that of Stobbe’s equation (3)) 
%/ 


(7 


The value of the normalization factor, N,, is found from the normalizing condition given 
by equation (6), taking into account that the functions Y,,, are already normalized. The 


condition thus becomes 
\(R,,)* r* dr 


and one obtains 


(2/ 1)! n®a®* AV (n 
The energy eigenvalues E, are given by 
h* 


87? u.a"n* 


so that 


6. Normalized eigenfunctions for the continuous case 


The normalized eigenfunction for the continuous set (E > 0) may be written 


U Rr) Y, 


f ~ 
mn (8, 9), 


lm 


where Y,,, is given, as before, by equation (18), and R., now is the complex function, 


im 


R., = N,e »» 21 + 2, —2ixr), 


with the radial quantum number 


The function F, the energy E, and the now complex radial quantum number are found 
from the expressions of these quantities for the discrete case by replacing n by (i/ax) and 
and k, by —ix. Thus, from equation (21), we find that 


h? 


Sr7u 


9 


For future use it is convenient to introduce k l/ax (which thus stands for n/i). We 


then have 


hi 27*uZ*e4 


8x* ua*k* h*k* 


(23a) 


It may be observed that this is the energy of the free electron when it has escaped from 
the field of the atom. Writing v for the speed of the free electron, we obtain 
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Hence from equation (23) 


which can be regarded as the propagation number of the free electron 

The symbol ¢ was provisionally chosen above to emphasize that c is a continuously 
variable parameter, as opposed to the discrete nature of / and m. The parameter c is 
taken as E, n,, x, and k by different authors ; it must be a function of E 


The normalization of the coefficient V,(c) occurring in the function U. must again be 


based upon equation (6), which for the present case has the form 
ius dz rt ¢ 


Since in this form the condition is not easily handled, we multiply it by dc’ dc and integrate 
over two small intervals Ac, Ac’, chosen out of a complete set of non-overlapping intervals 


into which the domain for c can be divided. (For simplicity we use a notation as if the 


lomain for c would be a line, but the result holds when this domain is a multidimensional 


U 


space provided integration with respect to dc’ or de is understood to be a multiple inte- 


; n 
gration Ol 


f an order corresponding to the number of dimensions of the c-space). Carrying 


yut the integration in two steps, we have first 


= , |, when c’ is within Ac 
RL | U. de )} de = 
JA Js j 


“™O, when c’ is outside Ac¢ 


Hence performing the second integration, we find 


“f rr ’ ) Ac, when Ac’ and Ac coincide. 
{ er U. de dz (24 
| \ . | j “™.0, when Ac’ and Ac do not coincide. 


s the form of the normalization condition given by Fuges.“” It is understood that 


must approach the limit zero 
may be observed that certain authors (e.g., pp. 75-84 of reference 21) introduce 


ary functions U. defined by 


lim 
de, 
So—>0 V/A 


“eigendifferentials”. It is then possible to write equation (24) as follows 
Us dz 


as the normalization condition for the discrete eigenfunctions. 

In view of the arbitrariness in the choice of the parameter c, to which reference has 
been made before, the normalization obtained by the application of equation (24) it not 
nique, but depends on the choice of the parameter. Between eigenfunctions normalized 
with respect to two different parameters « and @ there exists the general relation (p. 667 


‘ fere » 99 
y rererence 22) 


In the following we use x as the continuous parameter. Since the functions 
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already normalized, it follows from equation (24) that the equation for the determination 
of N, (x) can be written 


= 
. 


r arf N(x) | R,, ; dx| } Ay (26) 
0 Ax 
Che following result is obtained (p. 666, reference 22) 


V (x) 


- 
2ax Il (s —— 
2% ( 5 ) 5-0 
exp —$$_____ 
(2/ + 1)! 2ax/ \ sinh =/ax 
Transition probabilities for hydrogen-like atoms 


We return to equation (16) for the transition probability. When the transition takes 
place between a discrete state n/m and another discrete state n’/’m’, we shall write: 


(28) 


where r is the resultant of the matrix elements: 


y; | dr? R,Ar)R, Ar) J sin 6d6d¢cos(r, x;) } (0, >) Y,,, (9, 9). (29) 


” 


Similar expressions can be written for the transition from a continuous state to a 
discrete state, or from one continuous state to another. The transition probability per 
unit time per atom from a continuous state x/m to a discrete state is 

64r4e7y3 


en (30) 
she? 


where the interval Ax is introduced since the transition occurs from a range Az. Similarly 


64r‘e*v? _..... 
re |=AxAx (31) 
3he3 _ 
gives the transition probability per unit time for a transition from the range Ax to 
range Ax’. 
The z-component of r (with cos(r, z) = cos 0) can be written as 


a+ 


. . 


P,.,,» (9) P,, (9) cos 9 sin 6 dO 


and is equal to zero unless m = m’ and / /+1. Here 
R*; | Ray (Fr) R,, (7) PP dr. 


The matrix elements of the other components of r, combined as (x +- iy), is 


im 


PrmPim Si. 9 sin 6.d6 | — e"*!—™® dy, 
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The matrix element of (x + iy) vanishes unless m m | and / 1, and the matrix 
element of (x iy) vanishes unless m m 1 and / / l. 

The integrals with respect to the spherical harmonics, etc., in these formulas are given 
by various authors.“ *° 

The integral R"'~' has been evaluated for the different types of transitions.“*: * For 


he discrete-discrete transitions 


4nn ! | OL | \ (32) 


ny 


Since R®,’ is symmetrical with respect to the upper and lower indices, the formula for Ry, 
can easily be obtained from the one given above. For the free-bound transitions (from a 


continuum state to a discrete state) 


or free-Iree transitions 


/ ] , ] 
nt (s* | i (s* = 
cI (xa)}~ < | (xa)}* 


xa sinh =/xa xa sinh z/x'a 


4xx ) 
(x L x’? 
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Since RY; again is symmetrical with respect to the upper and lower indices it is sufficient 
to have an expression for the case that / — | is in the upper index. In equations (32)-(34) 
the function F is the ordinary hypergeometric function: 


as | on 1)8(8 1) 
F(a, 8, y, Z) ——= 2 scninaiitinpininians Sait 
I ly 2!y(y 1) 


8. Mean transition probability 


The total transition probability from a given state n/m to all possible states with different 
quantum number m’, having a given n’ and /’ = / +- 1, without regard to the direction of 
the emitted radiation, is found to be (see p. 433, reference 25): 

1+ 1 


n’'l+1y2 
Tay (Rm g 


and similarly the probability for transitions to the states specified by n’ and /’ 


l 
(Rey. 
2/ + 1 
The summation over the admissible values of m’ having already been carried out in deducing 
these results, we arrive at the following result for the transition from a given state nlm 
to all possible states having a given n’: 
Pt patty (patty 35) 
———— (Ra Pt —=(Ky )': (35 
as 2/ +1 
If we are interested in the mean value for the transition from discrete states with a 
given principal quantum number n and arbitrary / to other states with principal quantum 
number n’, we first multiply the above equation by 2/ + 1 for each given / (the number 
of m states), then sum with respect to / from 0 to n — 1, and finally divide by n* (the total 
number of states). If we also consider the spin, we have to multiply equation (35) by two 
and divide by the weight for a discrete state @, = 2n’. 
We then obtain for discrete-discrete transitions 
n’ 647x*e*v,, a r Van ~n’ 
A" at 6 a NS (36) 


‘ ~ *n 79 9 « 
3hc3 OW, P*e*C° ®, 


In anticipation of a later generalization of the above equation, we note that for free- 
discrete and free-free transitions there must be introduced the factors Ax, and AxAx’ 
respectively, in the same way as was done in equations (30) and (31). Here S” isa dimension- 
less quantity defined by 
n-| 
= > { 20 + 1)(RG/+")? + 21R%! yl. (37) 
aL, j 


The frequency v,,,,, in terms of the Rydberg number &, is 


where R = 2x*ue*/h’. 
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discrete-discrete transitions 1s evaluated by 


McLean” in terms 


1) 4/ 


(39) is an odd function of n and n 


us 


. and 


| 
equal to unity 


if 


c ee transiuions 
1d that equations similar to 
provided: (|) a 

j are real positive 

36) is properly defined 


nd free-free 
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/ exp(2 f ) 
) (43) 
2nk)| 1 expt =k’) 


| ex pi 


ol atom 


for the continuous states depends on the definition of the numbe 


The weight w, 
If this number is defined as the number of atoms per cm*® whose 
di divided 


in a continuous state 
electrons in hyperbolic orbits have velocities at infinity ranging from v to 


by the total number of atoms having electrons in hyperbolic orbits, that is, by the number 
of positive ions N, in unit volume, then 
4- 13y"d) Ps “x @, ty ‘7 . 
— dy ; —— dA 
N it : N. Wek 


Here @, has been written for the electron weight, although it is equal to just 2 


It is useful to write 


where 


expresses the chief content of S’ and 
Mn, n’) (47) 


rhe values of g;, 2), and g,,, corresponding to discrete 


iS 4 quantity usually close to unity 
discrete, free-bound, and free-free transitions, respectively, have been computed by Menzel 


and Pekeris 


spectrum 


9. Energy emitted in the discret 
If we combine equations (36), (38), (45), (46), and (47), we obtain the discrete-discret 


transition probability 


per second by N, atoms/cm® in state n by spontaneous 


emitted 
(49) 


The total energy 
IS 


transitions to State ”, 
Vv {” h Veows’s 

and the total energy emitted in the discrete spectrum is 

> > N, AX hy,y. (50) 


Emission by free-bound transition 
within a range dk 


10. 
The mean transition probability from a continuum state 4 


discrete state 7 is 
sys I 
- — §7 dk, 


_ © > © ~ 
27J2,2,3 
Su Z ec” @, 
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free-bound emission under consideration 


202 


a finite 


erential d/ We now substitute 


hyperbolx 


(53) 


number 


(59) 


magnitude v,.. we can by the 


into an equation involving the 


the interval dv 
Ja ARZ- 
/ n*k,7 kal 


rd (60) 


by summing equation (60) over n’ for 


being kept constant. The summation 
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should extend from some limiting value n’,, to n y wer limiting value 7’,, may 


be obtained from equation (57) by setting / 
RZ- (61) 


If no level exists which satisfies equation (61), then the next higher level may be used 


If, as in the case of complex spectra (see p. 90, reference 27 and p. 608-609, reference 46) 


we may replace the summation by an integration, then 


ey hRZ? * din hRZ? 
\ exp ( - ) gy > . exp ( ) gr E 
n? n*k, 7 Nn n=) pl 2h RZ- 


. 
n 


with g,, (see reference (27) given by 


ora (aa) ( 


The total free-bound emission per cm?’ tn the interval dv ts thus 


~~ pb, 2 xoueZ* kp7 
NV, Az dk fy ; 
h°c? 2hRZ* 


Ya hRZ* hy 
exp | exp 2, d (62) 
| Nok pl A al 


If the lower states above my, are not close together, it 1s not permissible to replace the 
whole summation by an integration. In this case, the terms are first summed until a value 
n* is reached which can be used as the lower limit of the integration. The integrated 


equation is similar in form to equation (62) with n, replaced by n* and g g,, (Mo, ¥) 
] ( . ul il 


replaced by g;, rT Thus, in general, we obtain for the total free-bound emission 


per cm’ in the interval dv 


= 310--5,,e1074 0 by - hRZ? 
S nat, Ng (8 YS ag (EY 
Pe , i } 


, Kp l “kh al 


kpT hRZ? . 
| exp ; l [2m @¢ dy 
2hRZ* n*®k pT j 


11. Emission by free-free transition 


_ 


, 


The mean free-free transition probability from state k within a range dk to a state A 
within a range dk’ is (see equations 36, 41, 45, 46, and 47): 
4hv;, | WMS yel0Zs | l 
1; Si dkdk 


f g,ydkdk 
34272023 Oo, 31/ 383 a, kek’s ( | yyVUAre 
k 


(63) 


) 


The free-free emission per unit time by NV, atoms/cm* whose electrons in hyperbolic orbits 
have velocities at infinity ranging from v to v + dv is 


N,.dk Aj Avy, , (64) 
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nz (7s 72) 


if we use equation (54) for N,dk, we obtain 


Nb, 2x ue"Z! Lo hRZ*\ 2RZ* 
V,dk A? / Lin dk dh 


7 a LS | kek. T] kh 


The above equation ts transformed to that employed for free-bound 


transition to 


The total free-free emission per cm®* in the interval dv is obtained by integrating the 


above expression with respect to & from 0 to a igain keeping v constant. We obtain 


214, dv (67) 
h ~) 


wether 
ul 


together give the total free-bound and free-free 


and use the definition of R. we obtain 


ny f ARZ- 
Na exp kat | zi} dy (68) 


equation (61) 


where 


The behaviour of ¢g will be discussed in section \ 


However, in the general case, equations (62°) and (67) are summed, and a much stronger 
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frequency dependent expression for the total continuum radiation per cm* per unit 
frequency is obtained: 


n*—1 


975 ,el074 .  % hR2Z* 
il N exp ( 7 S ;exp ( ) en 


n°k,T 


33 hic Zan 


12873 (<) 78 NET ( an) | ‘ o 
—_ = = >4 =. — 7 a y ' 
34/3 \hec _ F : n**kT Sung. (97) 


Discussion of the continuum radiation equation 


In order that equation (69) be applicable to an atom which has more than one electron 
it 1S Necessary to introduce an effective nuclear change Z,,,. We know that an electron 
moving in the field of an atom other than hydrogen is not influenced by the total charge 
Ze on the nucleus since the electron is screened from the nucleus by the other electrons. 
he effective charge Z.,,e which the electron experiences may be written formally as (Z—S)e, 
where S is called the screening constant. An empirical set of rules for finding S, devised 
by Slater, and theoretically justified by Gambas and Gaspar, is set forth in reference 29. 
By the use of these rules, Z.., = | for an argon electron with principal quantum number 
n 2 5. Z, = | also for a 4d or 4f electron, Z.¢, ~ 2 for a 4s or 4p electron, and Z,., = 6°75 
for a 3p electron. PetscHeK ef al.“ used Z,,; | for argon when they worked with 
equation (69). Here, too, Z.., = | will be used. 

The symbol y was introduced for 26,/b,, where 6, and b, were the internal partition 
functions for the ion and atom respectively. However, the partition functions for an 
isolated atom or ion diverge™? if the infinite number of possible discrete energy states are 
included. As is seen from equation (55), the exponential factor for the higher states 
approaches a finite limit but the statistical weight increases indefinitely. The higher terms 
become arbitrarily large and the series diverges. One has to consider the presence of other 
neutral and charged particles in the gas to obtain convergence. ALPHER™”, who recently 
investigated methods of computing partition functions found “‘no unique and universally 
accepted procedure” for finding 5, and 4). A very simple computing approach which is 
considered to yield as satisfactory results for shock wave calculations as any more elaborate 


method, is to suppress all electron orbits whose classical major axis 
a, = a,n*/Z (70) 


exceeds half the average separation of particles in the gas. Only terms with n, < n contribute 
to the bound state partition sums. An adjustment in the statistical weight of the outermost 
bound orbit is made to allow for the fact that generally a, will not equal the average 
separation of the particles.“°’ 

Actually, one need not be concerned with the partition function directly as far as 
equation (69) is concerned, since equation (69) can be combined with the Saha equation 


in a form often given, namely, 


= 
to yield a a Lire a 8 
; 1203" (kT)? 
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where NV. and WN, are the ion and electron densities respectively, and WN, | N, dk. 
Indirectly, however, knowledge of the partition function does enter in the use of the above 
radiation formula in shock wave calculations, since the Saha equation has to be used in 
finding the equilibrium density NV, behind a shock wave. Similarly, an equation (72’) is 
obtained by combining equations (69°) and (71) 

Equation (70) indicates that the radius corresponding to n © 1s infinite. Thus by 
the definition of y, an electron from an isolated atom is removed to infinity upon ionization. 
It appears natural to suppose that a restriction upon the principal quantum number na that 
arises in connection with the partition function, should be reflected in some manner in a 
lowering of the ionization potential from this cause alone. Many references, however, 
which discuss the computation of the partition functions which occur in the Saha equation 
71), have no comment about y,, perhaps because at low temperatures and low pressures 
the resulting change in y, is insignificant. Conversely, any considerations which result in a 


lowering of y, should provide a direct restriction on the partition function. Furthermore, any 
lowering in the ionization potential 7, must also be inserted in the radiation equation (69) 

The complex question of what the amount of the lowering of the ionization potential 
should be and its consequences will be considered in the next chapter. There is also the 
question whether an “effective lowering of y,"° as introduced in equation (69) is greater 


than the lowering which should be introduced in the Saha equation 


Ill. THE LOWERING OF THE IONIZATION POTENTIAI 
Part II] dealt with the emission and absorption of continuum radiation from a partially 
ionized gas consisting of N, neutral atoms per cm* and N,(= /N,) ions and electrons per cm’. 
A formula for the total continuum radiation was developed which contained the ionization 
potential y,. This part will consider the lowering of the ionization potential that occurs 


in a thermally ionized gas and its consequences. Such a gas can be called a neutral plasma. 


Line hroade ning 
The Stark effect due to the microfield of the ions and the collision broadening due to 
electrons cause a shift and broadening of spectral levels. This broadening is evident at 


temperatures and degrees of ionization characteristic of the heated, compressed gas behind 
even such weak shocks as a Mach 8 shock advancing into argon at several cm Hg pressure. 


With increasing Mach number and thus increasing ionization, the lines broaden more and 
15) 


shift further to the red.“* 
The separations \E between the higher energy levels are small, and 


2. ] e- 
Af — = ; - i = (1) 
(n 1) ayn 


where n is the principal quantum number, ¢ is the electric charge, and a, is the first Bohr 
radius. When the spread due to the microfield of the broadened lines become equal to AZ, 
the lines will have merged into one another and can be considered as having merged into 
the continuum. The above is the explanation advanced by INGLIS and TeLLter™ for the 
observation that both in stellar atmospheres and in the laboratory” under conditions 
involving high density of ions (in electric discharges) the lines of hydrogen-like spectra 
remain normal up to a certain quantum number, after which the lines abruptly merge into 
the continuum. 
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2. The Stark effect 

Before going further it is advantageous to review the Stark effect. In 1913, Stark 
showed that the Balmer lines of hydrogen are split into many components when excited 
by a strong electric field F. When viewed at right angles to the field, some components 
are observed to be polarized perpendicular to the field (s-components), and others plane 
polarized parallel to the electric field (x-components). The electric field removes the 
degeneracy characteristic of the Coulomb field possessed by the hydrogen atom by causing 
each level to change its energy by an amount that depends on /. (The ground state (n = 1, 
/ = 0, m = 0) is not degenerate). 

For atoms other than hydrogen in an external electric field, the first-order correction 
to the energy vanishes for any eigenstate of the unperturbed energy, and the second-order 
contribution yields an energy shift proportional to F*, for permissible Stark effect tran- 
sitions: A/ 1, m’ = m.© For hydrogen, however, let us consider, for example, the 
case where nm = 2. Here transitions occur between / = 0 and / 1 for the case m = 0. 
For m | no such transitions can occur, and these levels may be treated by non- 
degenerate perturbation theory to give a very small quadratic effect. For / = 0 and / = 1, 
m = 0, the energy level is split into two levels, and the shift is /inear in F. The net effect 
is that the original line is split into three parts. Now Am = 0 leads to polarization along 
the axis of the field, and Am 1 leads to polarization normal to the field axis. Therefore, 
when we view light at right angles to the field, we see the unshifted Am -- | component, 
and the two shifted components polarized parallel to the field. The higher levels will 
show more involved patterns for the Stark shift, since more degenerate levels will be 
involved, 

In the neutral plasma composed of (positive) ions and electrons which we are considering, 
the electric field at any point changes rapidly in direction and intensity. We must, therefore, 
consider the probability distribution of the field rather than a given external electric field 
strength. This distribution will smear out each of the Stark components. Holtsmark 
tackles the problem of finding this field probability distribution. 

HOLTSMARK“*®: *” considers an emitting or absorbing atom, designated as the 0 atom, 
surrounded by a large number | . . . N of disturbing atoms, molecules, or ions. If the 
disturbing atoms were at rest, there would result a constant electric field at 0, and thus a 
Stark splitting of the emitted lines. Since the atoms are constantly in motion, the field 
keeps changing in direction and magnitude, and we obtain a broadening of the lines, 
rather than some particular splitting. A probability will correspond to each of the 
various configurations of the system. The Stark splittings also occur with these varying 
probabilities. 

Holtsmark assumes that the broadening molecules are all of the same kind, i.e., the 


perturbers are all electrons, or all ions of the same type, or all polar molecules of the same 
type, etc. Holtsmark considers these molecules in general as being made up of a number 
of charges e,. A reference frame is established at the center of each molecule, and we 
wish to determine the potential at a point x, y, z (r) due to these charges located at positions 
r,. We denote the separation distance between the point r and the sth charge by R,. The 


potential ¢ at r due to the charges e, is 
= 
r* aT ‘ . 
—— / +. — ~ (2) 
3 
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Holtsmark considers three cases: (1) none of the terms disappear, (2) the first term is 
zero, (3) the first and second terms disappear. In the first case, because of the rapid 
convergence of the series for ; r., the condition Holtsmark is interested in, the first 
term predominates, and we have an ion field producer with 


In the second case, the second term predominates and we have 


r: Ler 
(4) 


re 

where m denotes a dipole moment. Similarly, for the third case only a quadrupole potentia! 
results 

For each of the three cases Holtsmark then obtains the probability W(X,, Y,. Z,) dA 
d Y, dZ,, that a particular electric field strength F, with components lying between YX, and 
¥,+dX,, Y, and Y, dyY,. Z, and Z, dZ,,. results from a situation where there are 
present N perturbers per cm” 

For ions. Holtsmark gives W(F,) dF, in terms of 


where 
For the dipole perturbers. he tinds that 


W(F.)d 


where 


with Faint ‘normal field strength” = 4-54 mm) N 
In our case e is the charge on the ions which is equal to the charge of the electron, and 
V is the number of ions per cm*. Holtsmark develops two expressions for W(F,)dF,: one 


4 
Fic. 1. Rough sketch of W(F,) vs. 8 


valid for small values of 8 and another for large 8. A rough plot of W,(F,) vs. & based on 
a little later work of HOLTSMARK™* is given in Fig. 1. The positions of the maxima indicate 
that the ion yields the greatest relative broadening, and the dipole the next. It is to be 


emphasized that Holtsmark’s formulas consider electrostatic actions only, and the effect 


of the motion of the ions or electrons 1s neglected 
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3. Nearest neighbor distribution 


CHANDRASEKHAR™® considers the Holtsmark distribution in connection with the 
gravitational field arising from an ideal random distribution of stars. The gravitational 
field is, of course, mathematically similar to that just discussed for the electric field due to 
ions. Chandrasekhar first derives the Holtsmark distribution in an exact manner, but then 
derives a distribution based on the assumption that the force acting is entirely due to its 
nearest neighbor. He shows that the nearest neighbor distribution agrees with the exact 
solution over most of the range of F, and that the highest fields are produced only by the 
nearest neighbor. The nearest neighbor approximation leads to serious errors only for 
weak fields which arise from a more or less symmetrical, average configuration of the ions 
about the one under consideration. The average nearest-neighbor distance r, between ions 
for a random distribution is shown to be 


ry = 0-554 NP 


0 
where WN is the average number of the particles per unit volume (p. 87, reference 39). For 
comparison we mention the approximate average distance that Unsold uses in a nearest 
neighbor calculation, which we will consider later: 


4x =A/3 
"9 (> v) 0-620 N-"? 


Chandrasekhar also draws attention to the fact that the Holtsmark distribution predicts 
relatively too high probabilities for F as F—» co. This results as a consequence of the 
assumption of complete randomness in the ion distribution for a// elements of volume 
which cannot be true for the regions in the very neighborhoods of the individual ions 


4. The results of Inglis and Teller 

We now return to the considerations of Inglis and Teller who are concerned with a 
first-order Stark effect. For hydrogen and for high-series terms of the alkali spectra, the 
perturbation energy is 3/2 a e F, where a = n*a,/Z.., is the semi-major axis of the nth orbit 
and Z.., = 1. Two levels will merge (see equation 1) if 

3aeF/2 = AE/2 = e?/2a,n*. 

Thus F = e/3apn’. (8) 
From Holtsmark’s results Inglis and Teller deduced (see Fig. 1) that the most probable 
value F, of F for ions occurs at 


B= 1: F,/F,, = F,/2-61N*" e. 


n 


Consequently, F, = 3-7Ne*?, 


Substituting this value of F, in equation (8) gives the approximate relation 


N75 = 0-027a5° = 1-824 x 10” 


which may also be written (with a, = 0-529 «x 10-*cm) as 
23-26 log N 


logs) ” “= 
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use should be made of 


and Z, are the charge numbers, N, the charge densities, and 7, the temperatures 
It is noted that Debye’s work is limited in its applicability by the assumption of 


undisturbed superposition of the changes caused by the individual ions. This assumption 


is tied up with the necessary requirement in the derivation of equation (16) 
2,4, 
Dk 


Rather than use formula (16), Ecker employs the often-used approximation 


(for 7 I4.100°K and N, \ \ 2-2 10'*/cm*®, we have D = 8 10-* cm) 
Charges beyond the distance D contribute only a negligible amount to the microfield at a 
point. Ecker now develops a new calculation of the probability distribution for the field 
strength giving attention to the number 4 of charges contained in the Debye zone at 


equilibrium. The probability density can be expressed in terms of 
3 Fi} ZU) 


where F, practically has the same value as given by equation (7), Ecker’s coefficient being 
(4x/3y° 2-59 

Ihe expression for the probability density is of a complex nature and required machine 
calculation. Satisfactory curves of «(%) vs. & were obtained for 5. But because of the 
approximation (19), Ecker had to make certain adjustments in the curves for 6 S 5 so 
that no quantitative significance can be attributed to them. A rough sketch of Ecker’s 


~ 


result is reproduced in Fig. 2. Fig. 2 shows that strongly influences the probability 


yo) 
Rough sketch of «(S) vs 
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from Holtsmark’s theory (4 ©) are greatest for 


(21) 


we have from equation (17) 


* writer finds that for 7 14,100°K and A 2-2 10"*/cm* which are the approxi 
ynditions behind a Mach 16 shock wave advancing into 1/10 atm argon, that 6 = 0-5 

s value is lower than the lowest value, 4 | that Ecker considered. Even though there 

ry be some doubt about the exact value of the most probable field, if Ecker’s calculations 
re broadly ct, a large deviation from the Holtsmark probability is to be expected 


*) have indepen- 


recent note to the Astrophysical Journal, HOFFMAN and THEIMER 
examined the 101 a shielding correction to Holtsmark’s theory of line 
ng. They state that it is well known that Holtsmark’s theory of Stark broadening 
ully confirmed by experiments and that recent attempts to improve the theory have 
he time dependence of the electronic microfield (velocity broadening).““—*’ 

of the recent theories of line broadening are found to be decisive, they investigate 
upproximate manner the effect of the Debye shielding. The results they present are 


» Ecker’s, that is. the peak of the curves shift to lower values of % for decreasing 4 


ire that at high pressures in gas discharges the levels near 

so broadened and overlapped that they formed a continuum 

y introduced the lowering of the ionization potential Ay into the 

69) of section II but gave no method for finding it until the year 

His approach is perhaps the simplest and most straightforward. He first finds 


-d gas the last level nm that may be regarded as discrete. He states that 


AmMALD! and Secre™ and FUCHTBAUER ef a/.°”’ have shown experimentally and 


highly excited states are not perturbed much by the presence of a high 
utral atoms. The effect of neutral atoms are therefore neglected. Also for 


f the principal quantum number, the levels may be regarded as 


nsold considers the perturbation of an atom (or ion) of effective charge Z by an ion 
effective charge Z,. He assumes that at any given time only one ion comes close enough 
an atom to make a major contribution. Let the nuclei be r cm apart (see Fig. 3), and 
et the maximum potential be located r, cm from Z and pe cm from Z,, so that r, : ! 


The maximum potential energy of an electron V,, is given by 


Zr Cae 


; 


(23) 


Classically an electron can be considered free when it gets over this potential hill with zero 
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kinetic energy. If the potential energy at Z due to Z, is also taken into consideration (see 
Fig. 3), the lowering of the ionization, Ay, becomes 


(= 2, =<) 
\y 


r g ; 


P 


Potential energy curves of electron in fields of atom and ton 


With the use of the relation 


e 
\y (Z +2VZZ,). (26) 
; 


we nave 
An electron in a highly excited state of an unionized atom moves in a Coulomb field of a 
Still retaining an effective charge Z, we may set 

e*Z* 


2a,n* 


charge equal to Z Se 


\y 


From equations (26) and (27), we obtain 
} Z 
> —=> 
<a, (1 2V Z,/Z) 
Expressing the mean distance r between ions by 
} (4x N,/3)" 


where \, V. is the ion density, and now taking Z = Z, |, we obtain 
n®? = 1/6a,(4nN,/3y'. 

This can also be written as 

logig ” = 3-645 1/6 logiy N., 
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which substituted in equation (27) gives 


log (Ay) 6-158 | 3 log, \ 


where Ay is expressed in electron volts. 


Instead of relying upon this simple deduction, which essentially restricts itself to the 


ynsideration the effect of a single nearest neighbor, other authors MARGENAU and 


Ut 


KELLY and Ecker and Weize."* *’ have returned to the consideration of the Debye 


screen! ‘Trect The work of these authors will be discussed in the next two sections 


Ll 


Margenau and Kelly presented a paper entitled “Disappearance of Spectral Lines with 
High Quantum Numbers in a Plasma” on 2 February 1957 at the New York City meeting 
merican Physical Society®’. They kindly made available a copy of the material 
Proceeding in the manner of Despye and Hucke.™"”, they find that the potential 


an electron in a plasma at a distance r from an ion of charge Ze Is 


(34) 
Z) 


The potential is valid onl ; the 1on is regarded as a sphere with 


charge at iter and zeré elsewhere inside, the resulting inner 


a region which is taken to extend from 7 Oto D. The 
D. The constants A and B are determined from the 


nuity of the potential and electric intensity at ; D, and we obtain 


With V, as the potential, approximate energies are calculated from the wave equation 


Ze Ze 
2D ; 


38) 


where the ¥, are the hydrogenic wave functions. The approximate energies are thus given by 


Ze 


—, (39) 
2D 
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These energies are now corrected by adding a perturbation energy E, which Margenau and 

Kelly find to have a very small effect on the levels. They therefore find the last discrete 

level by setting E,, of equation (39) equal to zero. Thus 
ZD 


a 


(40) 
0 

Chis is the equivalent of setting the Bohr radius n*a,/Z equal to the Debye shielding length 
D. Setting Z | and using equation (34), one finds that the last discrete level n is given by 


17-93 logio r loZi9 \ 
logi, ” . - (41) 


4 


which corresponds to 


dy 
Ay 13-595 D (eV). (42) 


2a, n* 


The m given by equation (40) was previously found by a different method by Ecker 


and Weize_*’, who gave the inequality 
ZD 


a 


8. The results of Ecker and Weizel 

ECKER and Weize_”*: *” approached the determination of the lowering of the ionization 
potential Ay by deriving a “Saha equation” for a plasma in which the power in the 
exponential term consists of the sum of two parts, i.e., exp — (¥ \y) (compare equation 
(71) part II). As is well known, the Saha equation may be derived from the equilibrium 


condition 


(44) 


where G is the Gibbs thermodynamic function 


G l TS + pV. (45) 


If the usual expressions for the internal energy U and entropy S for a partially ionized 
monatomic gas given by Ecker and Weizel alone are used in equation (44), only 7, would 
appear in the exponent. However, with the inclusion in U of the total mean electrostatic 
interaction energy of the ensemble on ions and electrons, U,,, a decrease of the ionization 
potential is obtained 

The exact interaction energy U,, for «N electrons and «N ions is formally given by 


the expression 


Fa) Bhs. 


where the sum is taken over the electrons and ions, and the integration is taken over the 
totality of configurations of these particles. The symbol W(r, . . . r,,) gives the probability 


density of these particles in configuration space. The symbol N denotes the original number 


of unionized atoms and «, the degree of ionization. The sign Ol is used according 
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to whether like or unlike charges are under consideration. In general, 1 follows from 


equation (44) that the ionization energy for a plasma is 
(47) 


Since an exact evaluation of U,, seemed extremely difficult, Ecker and Weizel proposed 


V 2) 
= } Nx 
DV ®& 


the following approximation 


the mean distance between ions, ) the volume of the plasma, and 


th 
kT J 


D een 
N 4x(]1 Z)e- Na 


the familiar Debye-shielding length 

The first term, U, corresponds to the energy of a cubic crystal with a mean Madelung 
coefficient A. It represents the interaction between charges when the Debye polarization 
is neglected. In the course of time the ions and electrons take on various configurations 
of different probability of occurrences, to each of which there corresponds some Madelung 
coefficient, 4. The weighted mean of these A, is A. The number 2 occurs in this term 
because A is defined in terms of the nearest neighbor separation between negative and 
positive charges 

The second term U, is the result of the polarization of the plasma so that the mean 
distance between unlike charges is decreased and that of like charges increased. For a 
neutral plasma with ions of approximately the same mass, U,, would be e*/D. The factor 


(I \ 2)/\ 8 comes about because electrons contribute to the polarization of the neigh 


borhood of an electron only, whereas both tons and electrons contribute to the polarization 


of the neighborhood of an ion 


We obtain for 


(1 V 2) e* : 
D (51) 
V2 


which in terms of electron-volts can be written with the help of equations (48) and (49) as 


: no | Ne ' 
\y (eV) = 0-6 0-38 /—— (52) 
Vv T10" 
provided we adopt the value 1-76 for A 
The particular choice of 1-76 for A which corresponds to a body centered ionic crystal, 
introduces some uncertainty with it. O. Theimer went so far as to suggest that A should 
be approximately zero.’ However, as Ecker and Weizel pointed out in their reply to 
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Theimer, Theimer had assumed the stochastic independence of the particles. With this 
assumption 


WT, . «Fam ! - (53) 


and if one further assumes a spherical volume, } 4x R°*/3, then it follows from equation 
(46) that 


(54) 


Theimer proceeding a little differently, obtained 


Na A , 
R 


Since R > r,, Theimer deduced that A ~ 0. 

However, the probability densities of the singlecharges are not stochastically independent. 
States with positive energy hardly occur in contrast with negative energy states. The energy 
obtained therefore under the assumption of stochastic independence is too large. With 
increasing density, the ensemble of particles approaches a state of uniform distribution 
which resembles that of a crystal. 

The above discussion explains why Ecker and Weizel choose the value of U,, given by 
equation (50). However, as Ecker and Weizel acknowledge, the uncertainty in A remains. 


9. Justification for choice of Ecker and Weizel’s formula 
We now note the remarkable similarity between Ecker and Weizel’s first term in 
equation (51), which with A 1-76 can be written with the help of equation (49) as 


Ay = 469 e NIP +... (55) 


and Unsold’s equation (26), which combined with equation (29), (with Z = Z, = 1) can 


be written as 
Ay = 4-83 e? NI”, (56) 


There is only a 3 per cent difference between these formulas. Thus as far as any practical 
computations are concerned it does not matter whether equation (55) or (56) is chosen for 
the first term in equation (51). For those who may regard the use of an A as somewhat 
arbitrary, the development of Unséld furnishes essentially the same result. Furthermore, 
the effect of the ions in a plasma on a given atom in an excited state may logically be 
divided into a nearest neighbor interaction, such as that treated by Uns6ld, and the interaction 
with the rest of the medium. The latter is the Debye polarization effect which is expressed 
by the second term in equation (51). There is precedent for such a viewpoint in the work 
of GASIOROWICZ, NEWMAN, and RippeL.“®” Thus, equation (52) in its entirety, follows 
from a development which does not invoke a mean Madelung coefficient. 

There is no question that a lowering of the ionization potential Ay, which appears in 
the Saha equation would also appear in the continuum radiation equation, since the Saha 
equation determines the number of free electrons. There remains the possibility that 
beneath the level corresponding to Ay,, there might exist a region of broadened lines which 
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would contribute to the continuum emission but not contribute to the degree of ionization 
of the plasma. However, it will be assumed here that such contribution is small, more 
precisely, that \y determined by equation (52) gives the approximately correct lowering of 


the ionization potential for both the Saha and the continuum radiation equation. 


Consequently, we may now write the continuum radiation equation (69) as 


and also introdu ve Ay in equation (69’). Since the same lowering is introduced in the 


Saha equation (71) of part II there is no change in equation (72) of part Il 


THE EFI 
EQUILIBR 


ECT Of! 4 VARIABLE IONIZATION POTENTIAL ON 
IUM CONDITIONS BEHIND THE SHOCK FRONT 


nization potential must be made ts in the 
normal shock wave. For a monatomic 

by the equations for the conservation of 
he shock, together with the equation of 
ionization potential Assuming no 


equations take the form 


the subscript one 


u is taken with 


(4) 


my, refers to 


ionization 


(5) 


5 negligible Also, at the tempera 
energy density are negligible in 


led 


| 
be inciuced in 


isolated atom 
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Making use of equation (52) of section III, we have for argon (expressed in eV), 


y(eV) = 15-76 — 0-67 N,/10'8 — 0-38 N./(T10"). (6) 


The conditions g9, Py, JT), and «, = 0 in the undisturbed gas ahead of the shock are 
known, and the specification of either u, or the Mach number of the shock, or of one of 
the variables (e.g., 7,) behind the shock, permits one to solve equations (1) to (6). These 
equations may be solved in many ways. The one used for calculation with a desk calculator 
was the following. A given Mach number is specified and equations (1) and (5) are solved 
with + %¥o. From the approximate values of x, p, and T thus found, an N, given by 


is determined. By the use of equation (6) this approximate value of N, yields the first 
approximation of y. Equations (1) to (5) are then solved with this approximate value of 
y and a new N, determined which is used to find the second approximation of x. This 
process is repeated till y and the other variables are obtained to any desired accuracy. 
In a typical case three iterations furnished a value of «, which differed less than one-half 
per cent from the value determined with much greater accuracy by a high speed computer. 

The solutions of equations (1) to (6) with the high speed computer were obtained by 
two methods. One of these was the iteration method described above carried out to greater 
accuracy. The other method involved specifying 7, (not the Mach number) and solving 
simultaneously two equations in « and y obtained by combining equations (1) to (6). Both 
methods yielded the same results. 

In these calculations for argon, 5, of equation (5) was taken equal to 1. For the densities 
here considered the more exact values of 4, are less than 1-011 for temperatures from 
7,000°K to 16,000°K." For 6, the often-used approximation 5, = 6 was employed. A 
comparison with Bond’s more exact calculations shows that 5, varies from 5-63 — 5-76 in 
the range 10,000°K 16,000°K and that 


b6=4 2eF1/k7 (3) 


is a good approximation to 6,. However, for the range of values here given, solutions of 
equations (1) to (5) obtained with 5, 6 yield values for «, which are only | per cent 
higher than those obtained with 5, given by equation (8). 

Apart from their role in the Saha equation, ), and 4, appear also in the following 
expression for the energy per unit mass of the excited states of the atom and ion, respectively 
d(ind,) d(ind,) 


T* (9) 


(1 x)R 
d7 17 


This energy in the excited states has been neglected in equation (3). Lin” estimated that 
the specific enthalpy contributed by both the above terms at a temperature of 16,000°K 


amounts to |-7 per cent of the specific enthalpy given by 


d 
S/2RT(1 x) L- 
ma 


in equation (3) and decreases with decreasing temperature 


219 





| POMERAN 


Before seeing the effect of Ay on the equilibrium conditions behind the shock front, it 
s interesting to see how much Ay varies with the Mach number of a shock. This is shown 


n Table | for argon at three different initial densities. As expected from the dependence 


Taal NIJ ION LOWERING OR ARGON 
MACH NUMBER AN 





army = 





ncreases (y decreases) with increasing Mach 


, 


varies with Mach number when p, 1/2 


constant (15-76 eV) and (2) y is given by 


equation (6) note that because the ionization potential decreases with increasing Mach 


number, the degree of ionizati nder t rcumstances increases with increasing Mach 
number more than > Cas a fixed y. Furthermore, as more energy (ay/my,) 1s 
> would expect the gas temperature to 

potential. This is what we find in Fig. 5, 

of Mach number for y fixed, and for 7 

For example, at Mach number 17-06 the 

an one per cent greater 

he equilibrium va fixed and y varying are presented in Tables 

2-5 for Mach n rs from about ). for initial pressure of 1/10 and 1/76 atm 


The same variatior rved in Fi ind 5 may be seen to occur for the cases given in 


these tables 


ABSORPTION AND EMISSION OF CONTINUUM RADIATION IN A 
SHOCK TUBI 4 CROSS SECTION OF INFINITE OPTICAL DEPTH 


introduc 

Time resolved me: men I in < iogran 7? the intensity of the continuum 
radiation behind a shock wave in argon show In a typical case (see Fig. 10(a) and (b) of 
reference 5) that for a shock wave of Mach number | 1-4 advancing into argon at a pressure 


sf 1 cm Hg. there is essentially no rise in radiation during the first 8 usec of flow (laboratory 
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Taste 2. EQUILIBRIUM VALUES OF a, 7, AND Pp FOR ARGON AS A FUNCTION OF MACH NUMBER: 
THE IONIZATION POTENTIAL IS A variable, p 1/10TH ATM AND 7, 294° K 





pt 10° dyne 


Vf 


20-00 

19.07 0.2476 
18-15 0-2105 
17-06 00-1690 


16-02 0-133] 


15.06 0- 1028 
14-02 0.0737 
12-97 0-0472 
1-96 0-0266 
| 


14 0-0137 


I 
| 





TABLe 3. EQUILIBRIUM VALUES OF a, 7, AND p FOR ARGON AS A FUNCTION OF MACH NUMBER: 
THE IONIZATION POTENTIAL (15-76 eV) Is fixed, p 1/10TH ATM AND 7 294°K 





p (10° dyne 


TUK) 


0-2426 17200 
0-2110 16700 
0-1759 16100 
0-144] 15500 
0-1158 14900 
0-0872 14200 
00-0633 13500 
0-0417 12700 
0-0241 11800 
0-0106 10700 
0-00749 10300 
0-00420 9700 
0-00273 9WwO 


- 


—-—--— ror 
>A 
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TABLE 4. EQUILIBRIUM VALUES OF a, 7, AND p FOR ARGON AS A FUNCTION OF MACH NUMBER: 
THE IONIZATION POTENTIAL IS A variable, 7 1/76 ATM AND 7, 294°K 





TUK) p (10* dyne 

cm*) 
0-2997 14600 8-062 
0.2557 14200 7-187 
0-2153 13800 6-378 
0-1788 13400 5-639 
0- 1462 13000 4-974 
0-1178 12600 4-382 
0-0824 12000 3.627 
0-0591 11500 3111 
0-0378 10900 2-614 
0-0189 10100 2-125 
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TABLE 5. EQUILIBRIUM VALUES OF 2, 7, AND p FOR ARGON AS A FUNCTION OF MACH NUMBER; 
THE IONIZATION POTENTIAL (15-76 eV) Is fixed, py 1/76 ATM AND 7 294°K 





p (10° dyne 
cm*) 


VM . T(K) 


~J 


685 
940 
243 
600 
012 
233 
780 
623 
153 
582 
134 
934 


19-72 0-2599 15000 
18-79 | 02258 14600 
17-88 0-194] 14200 
17-00 0-1649 13800 
16-15 | 0-1384 13400 
14-96 | 60-1038 | 12800 
14-22 0-0840 12400 
13-95 | ©0-0772 | 12250 
13-11 | 0-05 11750 
12-02 11000 
11-11 10250 
10-60 0-01175 9750 


= NNW wwhUUA GD 





coordinates) and the intensity then rises rapidly during the next 11 usec to a maximum. 
Depending on the sensitivity of the equipment, some point of this sharp rise would be 
observed on drum camera pictures followed by increasing luminosity until the maximum 
“equilibrium luminosity” is reached. The luminosity then decreases with distance behind 
the shock front until the cooling of the gas by radiation losses has decreased the electron 
density and temperature to the point where the luminosity cannot be detected on the 
measuring equipment, or until the luminosity is quenched at the cold interface of the 
driver gas. 

The time required to reach equilibrium luminosity depends strongly on the purity of 
the gas (see reference 5 and p. 84-85 of reference 15), and decreases rapidly with increasing 
strength of the shock. Moreover, the spectrophotometer oscillograms shown in Fig. 7 of 
reference (13) indicate that even in the case of a shock tube made of a glass (pyrex) tube 
of 14 in. interior diameter, for which one may expect the cooling due to continuum radiation 
to be large at the low density involved (an initial pressure of | cm Hg), the time interval 
behind the maximum is at least ten times the rise time to maximum luminosity. If the 
tube was much wider, or what is more important, if for the same shock strength the density 
of the undisturbed gas was greater, then it is expected that the greatly increased self- 
absorption of the continuum radiation by the gas would result in a marked decrease in the 
cooling rates. Measurements of the absorption of radiation in the hot gases created by 
strong shock waves in air indicate that there is indeed almost total absorption in a distance 
of 4-7 in. It is the purpose of this part to show how the effect of absorption may be 
taken into account and how this will modify the variation of the flow variables behind the 


maximum luminosity front. 


2. Emission and absorption coefficients 
It was shown in Part II that for a gas with a sufficiently dense distribution of spectral 
lines the energy, ¢,, emitted in | sec in all directions in unit frequency interval from a cubic 


centimeter of a partially ionized gas is 
64777e°Z? N2 - 
——gg nme me §, 
3V 6u3?c%k!? ies 
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or with the constants evaluated, and Z taken equal to unity 
c, = 6-840 x 10° g N2/T'? (2) 


ergs/cm®. We note that in such a case ¢, is independent of frequency except for the depen 


dence of g on frequency. However over the range of frequencies corresponding to wave- 
lengths of 2034A to 12400A (1 to 6:1 electron volts) at temperatures from 10,000°K to 
20.000°K., g varies from 0-84 to 0-93 in a manner that it is a good approximation to use 
for 2 an average value, g* ~ 0-9. Similarly at other temperatures a suitable g* may be 
found, and thus ¢, becomes independent of frequency. PetscHex"” implicitly took g l 
Since ¢ cannot be independent of frequency for sufficiently high frequencies, a cut-off 
frequency must be used with equation (1). Petschek, working in a similar range of tempera- 
tures as those that are involved in this work, adopted as his upper frequency cut-off that 
determined by the frequency interval Av’ given by 
hAv 6eV 


This number is arrived at by noting that the capture of electrons with energy greater than 
about 3/2kT to the first excited state will be fairly infrequent. The first excited state of 
argon is about 4-2 eV below the ionization limit and at a temperature of 14,000°K, 3/2 k7 
corresponds roughly to 1-8 eV. The capture of electrons to the ground state can be 
neglected 

4 simplified energy-level diagram of argon (p. 103, reference 15) indicates that for 


frequencies less than that corresponding to 12-8 eV above ground level, the spectral lines 


are sufficiently close together that one might expect equation (1) to be applicable. Thus, 
within good approximation, equation (1) applies, at the minimum, to a range of frequencies 
corresponding to 3 eV. For higher frequencies it would be necessary in a completely, 
rigorous treatment to employ the relatively complicated frequency (and temperature) 
dependent equation (69°). However, in view of the anticipated difficulties in the nature of 
the absorption problem to be solved, an estimate of 4-87 eV was made for the range of 
frequencies to be associated with equation (1) which would yield approximately the total 
emitted radiation. 

The spontaneous emission coefficient /, is defined as the energy emitted spontaneously 
per unit frequency interval by one gram of radiating matter in the directions specified by 


unit solid angle. This quantity is independent of direction and here is given by 
. 6-840 


4xc 4x0 


(3) 


where o (g/cm*) is the density of the gas. We note that /, is frequency independent in 
the same manner that « Is 

Let dE, be the amount of radiation energy per unit frequency interval flowing per sec 
in the direction 6 through the truncated cone defined by an element of area dA normal to 
the x-axis and an element of solid angle da (see Fig. 6). The specific intensity /, at a point 
0 in the area dA in the direction 6 for a unit frequency internal is defined so that 


dk, I, cos 8dA da. (4) 


The change in intensity d/,, due to absorption alone, that is experienced by radiation of 


intensity /, in traversing normally a slab of thickness ds, is given by 
di, ox, ly ds, 


a 
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x +dx 


Fic. 6. Sketch illustrating specific intensity and the transfer of energy 


where the quantity x,, assumed independent of direction, is called the mass-absorption 
coefficient. 
To find x,, we observe that if local occupational equilibrium is assumed to exist at 


every point in the gas, then the relation 


q » vik 
1./% 2hv?/(c*e"” ) (6) 


y 


holds (p. 205-207, reference 59). Combining this relation with equation (3), we can write 

for the absorption coefficient per unit volume, ox,: 

c - N . ev" ’ - - . 
—- 3°/U 10®¢* — 


— (6-840 x 10-%) g* —S —— 

8h "* 
It is customary to combine the absorption with the induced emission (sometimes called 
negative absorption), since both are determined by the intensity of the radiation. It follows 
from the theory of emission and absorption that the induced emission coefficient per unit 


mass is given by x,e“”*". Following Chandrasekhar, we will denote the effective absorption 
coefficient per unit mass by the symbol x,’. We have 


hvjkT ) 
% 3 weer. (8) 


7] 


The change in intensity d/, due to both absorption and induced emission that results 
when a pencil of intensity /, traverses normally a slab of thickness ds can be written 
analogously to equation (5) as 

d/, ox, Ids. (9) 


S 
f o(s)ny(s)ds 


Integrating we obtain I(s) = 1{(O)e ° (10) 
and if we define the optical depth ts) by 


Ty(S) o(s)xy(s)ds, 


we can write Is) L(O)je*v™. 
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if we divide both sides of equation (6) by exp(—Avw/kT) , we obtain 


1) BAT). (12) 


the “Planck function”. The corresponding effective 


(13) 


The electron density \. occurri these equations is found from the relation 


vas densil 


o see whether the influence of the effective absorption of radiation behind the 


it be of importance, some preliminary calculations are first 
4 uniform region is 


um luminosity front migi 
de for argon at the conditions that prevail behind a shock front. 
maximum luminosity front and thus by equation (11), 


iv 


Ls) 1(QO) = exp 

shown plotted in Fig. 7 for three different cases, curves (a), (b), 
wave of about Mach number 17 

76, 1/10, and 


s(s)| for a representative frequency corres- 


to conditions behind a shock 
densities corresponding respectively to pressures of | 
of 294°K. The lowering of the ionization potential has been 


The quantity /(s) is the value of 


e conditions behind the front. 

ch results from absorption and induced emission over the distance s. 
sion is assumed along the distance s 

the conditions behind a Mach 17-03 shock 


I 
recnoand 
COTTeSponas le ‘ 


(7 13-400 
tively little absorption. In traversing 


S$ compar©rauly 


0-1788, p, = 5-639 x 10° dyne/cm?* 


; 


fic intensity is still O-8 of the incident 


spec 


the conditions behind a Mach number |7-06 shock 
0-1690, p 42-42 10° dyne/cm*, 


such that the specific intensity has been 


thickness of just one centimeter of gas. 


ns behind a Mach number 16-91 shock 
0-1608, p, 203-54 10° dyne/cm*, 


) the absorption is very strong. The specific intensity has 
l 


0-2 cm. The value of ox, is here 12-754 cm 


a © 


>in 
10th atm and 0-02158 cm™' for the case of 1/76th 


shock wave of given strength, the initial 


hat for 
nfluences the absorption of radiation. At a given 
ters primarily through the N,* factor in equation (13), 


ch the spontaneous emission coefficient /, depends 
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ckness, Ss, 

Fic. 7. Fraction of specific intensity of continuum radiation at ? 5,000 A present at distance 

s, calculated on basis of effective absorption behind Mach 17 shock wave advancing into 
1/76, 1/10 and 1/2 atm of argon, respectively. No spontaneous emission assumed. 


4. Dependence of absorption on shock Mach number 


For a fixed initial density corresponding to a pressure of 1/10 atm for the driven gas 
and for a fixed wavelength of S5OO0A the effective absorption coefficient per unit volume 
ox, was computed for various Mach numbers ranging from 11 to 20, and is shown plotted 
in Fig. 8. We see that ox, increases sharply with Mach number. This rise is a consequence 
of the increase of the electron density with Mach number. 


5. Dependence of absorption on frequency 


The variation of 9x, with frequency is illustrated in Fig. 9 for the equilibrium conditions 
behind a Mach 17 shock wave advancing into undisturbed argon at a pressure of 1/10th 
atm. In the region between 2034A and 7000A, that is, from the near ultra-violet to the 
visible red, the variation with frequency is not as pronounced as it is for the longer wave- 
lengths. This region covers a range of frequencies Av = 1-0464 = 10'° c/s. Subsequently, 
we shall use an average ox’ defined as 


l ; 
—- ox, dy, (15) 
Ay - 


Av 


which, of course, is a function of the state of the gas. 


6. The equation of transfer 


In the preceding section we considered the effective absorption of radiation in a medium 
in which there is no spontaneous emission. We will now consider a medium in which 
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there is present spontaneous emission as well as induced emission and absorption. Let /,(s) 
be the intensity in an arbitrary direction s at the faces of asmall cylindrical element of cross 
section dA and height ds (see Fig. 6). The energy emerging at s ds is equal to the energy 
that entered at s, plus the spontaneous emission in the element in the s direction, minus 
the energy of the /,(s) pencil of rays that is absorbed, plus the energy of the induced emission 
caused by the pencil of rays. 


LAs ds)dAda L{s)\d Ado 


sj (s)dsd Ada 5x, 1 {s\dsd Ada one ’'*! 1(s\dsd Ada (16) 


By the use of equation (8) and dividing by ox, ds dA de, we can now obtain the transfer 
equation 


JAS) 7 
: Is) (17) 


In the case of the plane shock wave, the gas dynamical variables can be considered as 
a function of the distance behind the shock (or luminosity) front. We introduce the distance 
x normal to the front (x = 0), and the direction parameter 0 which the pencil of intensity 
I 
which exists about the center line for a circular cylinder of finite radius, or about any line 


(x, 6) = J(s) makes with the x-axis. We further assume axial symmetry, a condition 


parallel to the center line for the case of a shock tube of infinite cross section. Then with 
the use of the relation ds sec 6 dx, equation (17) becomes 
di (x, 9) i (x) 


I(x, 6) 
o(x)x, (x) sec 6 dx x(x) 


Instead of =, (s) we now introduce the normal optical depth, =), 


7 
. 


ax x (xX dx 


and : o(x)x (x)Gn 


for a given frequency. Equation (18) then becomes 
dir, 6) j (7) 


sec 0 J (7+, 0) 
d- AAT) 


an equation linear in + and of the first order, with 6 as a variable parameter. With the 


help of the integrating factor e * <- e* *©" the solution of equation (21) is found to be 


where C is an arbitrary constant to be determined in terms of the boundary conditions 
At this point it is necessary to distinguish between the intensity of a pencil of rays 

coming from the direction of the front, and inclined at 6 < =/2, which we designate as /, 

and the intensity of a pencil of rays from the direction of the interface or contact surface 


which we designate as /, . We further introduce the convention that in the latter case, too, 
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that / at 0, then at = corresponding to 


assume 


been dropped from /, in the above equation 


I 


»m of the variation of intensity and directional 

ace of a star, the stellar atmosphere is idealized as a 
plane-parallel layers. Similarly the region 

~ach of which the dynamic variables 


Ca 


and thus j/(/) and x,(/) are constant in an ith section. Let the point 


and let t be the corresponding normal optical depth. Equation (23) 


1 J") sec 0 * 
sec Je aie oP (24) 
xn) 


The «, refer to the optical depths at the interfaces between sections. Note that the subscript j 
I if 


refers to the left hand boundary of a section (/) 
Similarly, for radiation from the direction of the contact surface, we have in general 


(25) 


which can be rewritten, in analogy to equation (24), as a sum 
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in expression for the radiation energy absorbed 
The total energy & absorbed at a point/sec/g over the range of frequencies Av is 


(including negative absorption) 


x(t) A>, 0)dedy (26) 


and if we now assume that the cross section of the shock tube is infinite in extent we have 


x%(7)dv 2x sin 0) /,. (+, 9) + L(+, 9))d0. (26°) 


. 


U 


It was noted that / is frequency independent. If we eliminate the frequency dependence 


of x, for the interval Av by the use of the average absorption coefficient % defined by 


, - 


equation (15), considerable simplification results. With + defined in terms of % is also 


frequency independent. In each of the nm sections considered in equation (24) j(i)/%‘(i) is 


constant. We then have for the intensity at the optical depth = due to radiation from the 


ith section, located to the right of +, i.e., (+ t), 


4 similar expression can be written for the intensity at +, /,_ (+, 6), for radiation coming 
from some ith section to the left of + (see Fig. 10). The specific intensities /,(+, 6) and 
I (=, 6) obtained by summing over the sections are now independent of frequency 

The amount of energy, Ad,, [+(x)|, absorbed/sec/g at a point in the nth section, as 
a result of emission from an ith section located to the right of the point is by equations 


(26’) and (27) 


sin 0 [e —— ; '}d6 


fi, then sin 0 dé *_ and the integral becomes 


* dj 


Now the nth exponential integral function E,(7) is defined by 


"dy 


and has been tabulated for many values of nn. Equation (28) is thus given by 


. J) 
AS (7) 27 Avx'(n) 
F ¥% (1) 
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The corresponding equation for an energy absorbed as a result of emission from an ith 
section to the left of the absorbing element is 


. i) 
\Z,, (7) Jz Avi (n) 


The arguments of £, are, of course, positive in both equations (31) and (32) 
The total energy &(+) absorbed at a point of optical depth + can now be written as the 
. r 


sum of the contributions from all sections. We thus have 


Having developed an expression for &(+), we can turn our attention to the variation of the 


gas dynamical variables due to radiation cooling 


Steady-state, one dimensional equation of energy for a gas at a temperature and 
rh 


} 


enough s« at the emission and absorption of radiation have to be considered 


sufficiently high to warrant including the radiation pressure, is 


(A xX) 
(34) 


rt} 
> as a result of spontaneous emission, is 
(35) 
*n by equation (33). H is the enthalpy per unit mass and uw is the particle 


y behind the shock relative to the shock velocity. The enthalpy H for a partially 


nonatomic gas such as argon was written previously (equation (3), part IV) as 
$/2(1 x,)R7 xy M,, 


ivenient here to write 


k and Nz, is Avogadro’s number. Thus 


H = 5/21 + a)RT, + aRTgn. (36) 


Equation (34) differs from Petschek’s equation (10) of reference (13) in that the absorption 
term & is included here; moreover 7,,,, is a variable here, whereas Petschek took 7,,,, as 
a constant 


For the steady-state, one dimensional flow in a channel of constant area such as is being 
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considered, we can write the differential equations for the conservation of mass and 
momentum as 


ude odu (37) 
dp On Uy du (38) 


and the equation of state and the Saha equation in differential form as 


dp 
f h (39) 
p wi 


da dp 5 Ton \ AT Thee 
= - - —— (40) 
a— a 2p 4 27 T 


(See equations (1), (2), (4) and (5) of section IV). 
As previously, the values of b, and 4, in equation (5) of section IV have been taken equal 
to unity and six, respectively, that is, independent of temperature. 

On the basis of equations (37)-(39), and the differential form of the Saha equation 
which one obtains for constant 7,,. (and two other approximations), Petschek found that 


; 7 l l l 
_ion , yy ae iT = o*dT. (41) 
4T 27% 27(u,/u ;/ a 2(1 1) (Up/u 5 | ; di 


If equation (40) is to be used, an expression for d7,,,, is needed. Since 


Tn y/k 11,605 | y(eV) 11,605 (47 — Ay), 


we have 
GT... 11,605 d( Ay) 


and by equations (6) and (7) of section IV 


0-67 x p\' , 0-38 a p\' 
Ny(eV) — | a | omens ss . 
10® \ xzkT 1O’°T \1 + ak 


Upon performing the indicated differentiation, one obtains after rearrangement of terms, 


TA ) ; B 1/2 
-_ adil 2T \k/ (1 
x B ( 7 
aT \T + ak 
B x p\'? | 
T?\(1 +a)k , (43’) 
T*? \(L +a)k 





where A 7-77535 10% and B 4-4099 x 10-4. Using symbols for the quantities 
in the square brackets we write, for the sake of simplicity, 


d7... = Cda + Ddp + £dT. (43) 
By combining equations (37), (38), and (39), we obtain an expression for dp in terms of 


da and dT: 

dp I da d7 

—j1 -- - + —, (44) 
p C ra 7 
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Substituting equations (43) and (44) into (40) we find 


dx 7 . 


z 


27 | 2, 


Hence, we can write the derivative of « with respect to T as a function of the variables 





at a given point. We have 
da/d7 (45) 


Combining equations (44) and (45), we obtain 


ou 


Furthermore, by the use of equations (43), (45) and (46), we obtain 


d/ 
| | y (48) 
dz " 


With H given by equation (36) and by substituting equations (45), (47), and (48) into the 


energy equation (34) we obtain 


(49) 


Equation (49) differs from an analogous equation given by Petschek in that it has the 
additional terms 7 cy, and the absorption term &. Petschek uses the o* of equation (41) 
instead of the more exact ¢ of equation (45), and furthermore he uses an approximation 


for the exact expression 


that occurs in the denominator of equation (49) 

In terms of the preceding abbreviations the flow variables can now be expressed in 
terms of one independent variable x, the distance behind the plane of maximum luminosity. 
We have 
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If the values of é(x) were available, then this system of equations can be solved 
accurately as far as third-order terms in Ax by a method for numerical integration devised 
by WALTON! for automatic digital computing machines such as the IBM calculators. 
A simple means of checking for the occurrence of any discrepancies in the solution is 
provided. An additional sensitive check for the particular system of equations (50) that 
was used here is the following: After «, 7, and 7,,,, are found by equations (50) at a given 
point x, these values are substituted into the Saha equation and the pressure, p,.(x), is 


calculated from this equation. The difference |p,(x) — p(x)| between p(x) and the p(x) 


found from the differential system, divided by the change in pressure, p(x) — p(0), should 
be very small. We refer to this check as the “Saha check”’. 

Still another check consisted of finding for each interval the quantity, p + oeu*. This 
quantity usually remained constant to better than a few parts in 10°, and any departure 
from this was an indication that too large an interval might have been used. 


10. The development of a method for finding the absorption energ) 


If the absorption term is missing, there should be little difficulty in calculating the 
variation of the gas dynamical variables due to simple emission, since Q is a point function. 


£ 


The quantity, 6, on the other hand, depends as we have seen on the complete structure 
of the luminous region, which we are seeking to determine. 

It was found by Petschek, who did not consider the absorption, that the temperature 
dropped from roughly 13,750°K, 12,800°K, and 11,600°K, respectively, to 10,800°K in 10 
cm and 10,000°K in 25 cm for three shocks of Mach number 17, 15, and 13 advancing into 
undisturbed gas at 1/76th atm (Fig. 3 of reference |1 and p. 93 of reference 13). The results 
of section 3 of this Part showed that the absorption of continuum radiation is small under 
these conditions, but that the absorption at higher densities was important. Before the 
detailed technique for computing the absorption was developed, equations (50) were solved 
with &(x) of equation (49) set equal to zero for a Mach 17-06 shock wave advancing into 
1/10th atm of argon. This was done to gain additional information about the validity of 
an assumption that was under consideration and to provide a comparison with the results 
that would be obtained when the absorption was taken into account. Solving the system 


f 


of equations (50) with « 0, also provides a severer test of the method of solving the 
equations than is provided when 4(x) is not zero. In fact, earlier attempts at solving the 
system of equations for the case of é 0 by a method using only Ax failed to meet the 
“Saha check” described above, unless prohibitively small intervals of 4x were employed 

The manner in which the temperature, degree of ionization and pressure vary with 
distance behind the maximum luminosity front is shown in Figs. 11—13 for the case &(x) = 0 
Fig. 11 shows that the temperature diminished from 14,600°K to 10,750°K in a distance 
of 16 cm. Since one can anticipate much slower cooling when absorption is considered, 
and since the portions farther from the maximum luminosity front will influence the 
absorption least, it seemed reasonable to assume as a Zero-order approximation that the 
luminous gas is all at the same equilibrium temperature. The transient region of rising 
ionization is very small for the higher Mach numbers and will be neglected. 

Let us now take for the zero-order approximation the equilibrium conditions at the 
maximum luminosity front (x = 0) for the Mach 17-06 shock mentioned above. These are: 
T, = 14,600°K, «, = 0-16900, 7 165,259-84°K, p, = 42°416 = 10° dyne/cm*, 0, 


ion 
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10°. Except for 7... the above quantities have 

» accuracy used in numerical work on the IBM machine. 

us assume that a ad ate exist a luminous region 16 cm long and of infinite 
section and that it Is Moving a tant speed down the “shock tube”. We wish 

to find the absorption é,1 sentative of a slab 0-05 cm thick located behind x 0 in the 
39) 


the absorption at any 


. 
coordinate system moving with t ga ‘quations (31) and ( 


noimnt 


» ‘ 


(S51) 


~ 
(52) 


average value of 4 for the 
ipproximation to the average to use the 
ib. By inserting this value into 
0-05 cm 

cm found 
yn is considered 


] >,, and u, 


and us, The 


and the absorption 





ir? osity 


b) when 
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Fic. 12. Variation of degree of ionization with the distance behind the plane of maximum 
luminosity when (a) the absorbed radiation energy is included in the equation of motion and 
(b) when it is neglected. (M, 17-06, p 1/10 atm.) 








Fic. 13. Variation of pressure with the distance behind the plane of maximum luminosity wher 
(a) the absorbed radiation energy is included in the equation of motion and (b) when it is 


neglected. (M 17-06, 7 


found at the midpoint of a 0-06 cm wide slab adjoining the first one, namely at x 0-08 cm 
If we designate the midpoint of the first interval by y,, the midpoint of this second interval 


> ie! 
335) 


can be designated by y,. We have (see Fig. 10) by the use of equations (31) to ( 





tT ponizauon 


lave been plotted 


respondin , ss lor the case in 
compar©risol Curves 


14.225°K over a distance of 


b) 


We see that 


16 cm 
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TABLE 6. THE VALUES OF a, 7, p, AND & AT VARIOUS DISTANCES BEHIND THE PLANE 

OF MAXIMUM LUMINOSITY FOR SUCCESSIVE ITERATIONS. CONDITIONS CALCULATED FOR 

ARGON, M 17-06, p 1/10 atm, 7 294°K. “CYLINDER” Is 16 CM LONG ANI 
OF INFINITE CROSS SECTION 





Distance (cm) 
Variable 
0-05 1-04 


0- 16648 0-14591 
0- 16639 0-14506 
0- 16638 0- 14498 
0- 16638 0- 14497 
0- 16638 0- 14497 


14573 14340 
14572 14330 
14572 
14572 


14572 


42-448 
42-449 
42-449 
42-449 
42.449 


2-4146 
2.3499 
3469 
3466 
31466 


mMhenNhwh 


~ 
4 
. 





TABLE 7. VALUES «a, 7, p, AND € AT VARIOUS DISTANCES BEHIND MAXIMUM LUMINOSITY 
PLANE IN “CYLINDERS” OF 16 CM AND 40 CM LENGTHS. M 17-06. 7 1/10 AT™ 
SECOND CYCLE VALUES USED FOR BOTH 





Length 
of 
Variable cylinder 


(cm) 


16 
40 


16 

} 
K 40 
, 16 
0* dyne/cm) 40 
16 
40) 





when absorption is considered, it falls to 10,750°K when the absorption is not considered. 
Similarly, the degree of ionization diminishes in 16 cm from an initial value of 0-1690 to 
0-1364 when the absorption is considered, in sharp contrast to the value of 0-00923 when 
the absorption is neglected. Over this same distance, the pressure rises from an initial value 
of 42-416 10° dyne/cm? to 42-840 « 10° dyne/cm* when the absorption is included, 


whereas it rises about 6-5 times as much to a value of 45-161 10° dyne/cm* with the 
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tance if (a) the absorbed energy if included 


$s neglected 


he degree of ionization with distance if (a) the absorbed energy 


ncluded and it is neglected 


neglect of the absorption term, ¢, in the equation of energy. Moreover, Figs. 11 to 13 


show that when the absorption ts taken into account, the variables in this case essentially 
reach a constant value at a distance of about 4 cm, and change very little between 2 and 
4cm 

(b) M 17-03, p, 1/76 atm. We noted in section 3 that the initial pressure greatly 


influenced the absorption coefficient, and that, in particular, the absorption coefficient for 


240 





The influence of the absorption of radiation in shock tube phenomena 


a Mach number 17 shock wave advancing into 1/76 atm of argon was much smaller than 
that for a Mach number 17 shock wave advancing into 1/10 atm. Thus, one might anticipate 
that these two cases differ from one another with respect to the manner in which the 
absorption of radiation influences the variation of, say, temperature with distance behind 
the maximum luminosity plane. Figs. 14 and 15 show the manner in which temperature 
and degree of ionization vary with distance when the absorbed energy is taken into account 
(curves a) and when it is neglected (curves b) for the case of a Mach number 17-03 shock 
wave advancing into 1/76 atm of argon. We see that instead of an essentially constant 
condition being reached after several centimeters when the absorbed energy is included, as 


N 








The variation of normalized temperature with distance (when the absorbed energy 


is included) for three different initial densities 


was the case for an initial pressure of 1/10 atm, the temperature and degree of ionization 
continue to diminish over the 16 cm length of cylinder for which the calculation was made. 
We see also that there is comparatively little effect due to the absorbed energy. At 14 cm, 
the difference in temperature between curves (a) and (b) for the 1/76 atm results is about 
430°K, in comparison with the difference of 3200°K between curves (a) and (b) for the 
1/10 atm results. 

(c) M, 16-00, p, 1/2 atm. It was of interest to observe the effect of an absorption 
greater than that present for the conditions behind a Mach number 17-06 shock wave 
advancing into 1/10 atm of argon. Consequently, results were obtained for a Mach number 
16-00 shock wave advancing into 1/2 atm of argon. The manner in which temperature, 


degree of ionization, and pressure vary with distance behind the plane of maximum 


luminosity when the absorbed energy is considered is shown for this case as curves (a) in 
Figs. 16, 17, and 18, respectively. The results have been normalized with respect to the 
equilibrium values existing at x = 0, namely, 7, 14,800°K, «, = 0-13004, and p, 

182-53 10° dyne/cm*. This has been done to facilitate comparison with the other two 


initial conditions of p, 1/10 and 1/76 atm that we have already considered. The variables 
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f normalized degree of ionization with distance (when the absorbed 
nt initial densities 


nergy is included) for three 











ty . 


alized pressure with distance (when the absorbed energy i 
tial densities 


ncluded) for three different 


T. «a, and p have been normalized for the latter two cases with respect to their respective 
onditions at 2 0, and are shown plotted as curves (b) and (c), respectively. We see for 


the case of greatest initial density that an essentially constant condition is reached at a 


and that the magnitude of this constant value is closer to the initial value 


shorter distance, 
the other cases considered 

| /2 atm case were terminated at x 
11-25 cm deviated from the initial 


9-33 cm, 


0, than for 
The values for the M 16-00, p, 
for the next point at a 
9). This means, as previously indicated, that a 


9-33 cm than 


since the quantity 
value by | part in 4 10’ (see section 
smaller distance interval should have been used for points beyond x 
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called for by the particular program used. A calculating program can be so arranged that 


a new set of intervals can automatically be used when certain tolerances are exceeded 
However, the added complications to the program were not believed warranted in the 


present case 


ipplicability of results 


The results given in this part have been developed for conditions in a shock tube 
whose cross section is of infinite optical depth. In practice, this might be considered to be 
one of sufficient width and containing a sufficiently dense, hot plasma so that essentially 
no contribution of radiative energy is made to a given volume element from elements in 
the same cross section that are sufficiently far removed Moreover. Steady-state, one- 
dimensional flow has been assumed. The applicability of this assumption has to be checked 


for the experimental conditions in each facility. 


VI. ABSORPTION AND EMISSION OF CONTINUUM RADIATION IN A 
SHOCK TUBE WHOSE CROSS SECTION IS OF FINITE OPTICAL DEPTH 


Theor) 

This part will present a method for finding the effect on the gas dynamical variables 
of the absorption of continuum radiation at points near the center line of a shock tube of 
finite optical depth. 

Assume that the conditions behind a plane shock wave propagating with constant 
speed in a shock tube of finite radius are such that the optical depth corresponding to this 
radius is finite for the frequency region Av defined in Part V Assume also that the 
luminous region behind the plane of maximum luminosity consists of plane, parallel 
sections in each of which uniform conditions exist. Since axial symmetry exists in this 
case for points on the center line, equations (18) to (26) of Part V are applicable here 
Also applicable, of course, are the equations of section 9 of Part V. Finally, we assume 


the manner given in section 


that the frequency dependence of x, has been taken care of 1 
8 of Part V. 
The differential element of intensity at the point x on the center line due to an element 
of volume located in the plane x’ (x x’) is given then by (cf. equation (23), Part V). 
Wx ) b 
d/.(z, 9) \v sec 6 e a 1S (1) 
% (x’) 
where 6 is the angle between the line joining the element and x (see Fig. 19). The contri- 
bution from an elementary volume at an x x is given, of course, by a similar expression, 
and has 


7 (x) T(x) sec 0 


as the exponent. The convention about 6 set forth in Part V is assumed to hold here 
Thus, the elementary cylinder of circular cross section which contained the elementary 
volume to the right of x contributes the amount 


(x ) . ~ 
2zAvdt ; «77 8€" sin 6 sec 6 dO. 
x% (XxX) 
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ft finite cross section 


> radius of the cylinder 


and 


(30) of Part V, where n | here 


due to the ith uniform section between planes 


I ( TUX) T(x ) sec arctan 


\ \ 


. 


equation (5) can be evaluated in closed form. We obtain 


The second integra r has to be evaluated numerically, and we designate itas J, 
An equati ilar 5) can be written for the intensity from an ith uniform section 


to the left of gain | composed of two parts, one of which can be evaluated as the 
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difference of two E, functions, as was done in equation (6), and the other integral designated 
J ,_, has to be evaluated numerically. 
The energy absorbed/sec/g at a point x on the center line in the nth section, as a 


result of emission from an ith section is, therefore, for 


‘ ' . J) 
AS’. (7) 2m Avz'(n) [E.(> 
va © ‘ 


and similarly, for = 


‘ i. JU_) : 
AG, (t) = 2x Avx'(n) —— [E,(- (8) 


, (i-)-l 
“xz 


where we have designated the ith section to the left by the symbol (i—). (The unusual 
subscripts in equation (8) follow from our previous convention that the section number refer 
to the left hand boundary.) Comparing these results with equations (31) and (32) of Part V, 
we see that if we sum the contribution from all sections, we obtain for the total absorption 


at a point on the center line of a finite shock tube 


(=) = SAP, »As,_, (9) 


an amount which consists of the result for a shock tube of infinite cross section (equation 
(33) of Part V), minus the sum of the .7,, and ./,_ for all the sections 

With & thus determined, one can proceed exactly as in Part V to find the variation of 
the gas dynamical variables behind the plane of maximum luminosity. 

The integrals #,, and #%, simplify somewhat if a single, uniform condition exists 


throughout the whole cylinder. We have 


7 )*) dz 


where ox’ is the average absorption coefficient in the cylinder 


Some approximations 


Conditions at points not far off the center line of a finite cylinder of large optical radius 


can be approximated by regarding these points as located on the center lines of circular 


cylinders of smaller radius. The smaller cylinder of radius r may be taken as either tangent 
to the larger cylinder, or an attempt can be made to compensate for the loss from farther 
regions by taking the radius of the cylinder a little larger than r. Similarly, points in the 
center of square-shaped shock tubes may under appropriate conditions be approximated 
by suitably chosen circular cylinders whose cross section is roughly that of the square- 


shaped shock tube. 


Vil. SUMMARY AND CONCLUSIONS 
|. A semiclassical derivation of a known equation for the emission of the total con- 
tinuum radiation from a partially ionized gas was presented. This equation simplified when 
combined with the Saha equation and remained in this form (equation (72), Part Il) when 
the same lowering of the ionization potential was introduced in both the Saha and the 


continuum radiation equation. 





ious authors on t subject of the 


by Ecker and Weizel (equation (52), 
used It was 


perature and 


which 


idsorptlion 


irequen 


7. |. SLAWSKY 


JAMES Brown, 





The influence of the absorption of radiatior 


REFERENCES 
Bonpb, Jr 
1954) 
Berue and f 
d Report X 


BLACKMAN 


The Structure 

1693 
4H 
(srou 
V.H 
H. ft 
H. ft 
R.H 
S. ¢ 
W 


Teccer, Deviations from Thermal Eau 
117 

J. Fluid Mech. 1, 
Ph.D. Thesis. Cornell | 
PeTscHeK and S. Byron, Ann. Phys. N.Y. 1, 
CHRISTIAN, E. R. Durr and F. L. Yarcer, J. Chem 
Lin, E. L. Rester and A. Kantrrowirz, J. Apy 
MARSHALL, Proc. Roy. Soc. A 233, 367 (1955) 

E. L. Resier, Jr.. and W. R. Sears, J. Aero. Sci 

R. N. Houryer, Jr., A. ¢ O. LaPorte, E. H 
Y11 (1952) 

E. L. Rester, SHao-Cui Lin and A 
G. SCHREFFLER and R. H 
H. E. Perscuex, P. H. Rose, H. S 
L.H Sky & Telesc. 14 (1954) 
E. B. Turner, The Product Very 
Study of Spectral Line Broadening, \ 
W The High Pre Vercur) 
Y. N. Ryagpinin, N. N. Sopoitev, A. M 
S. GLICK W I 


CGeneratior } Pp mic f nw’, ri 


61 (1956) 


PETSCHEK niversity (1955) 


HUNTING 


KANTROWITZ, J 
17 pl Phys 
A. KANE 


{ppl 
25 


CHRISTIAN, J 
GiLIcK and 
ALLER 
m of High 
Mich. Rept 
ELENBAAS ure Vapour Discharge 
MARKEVICH and I. I 
SMITH W. Sourri 
Aer 
SEIGEL 
Naval Ordnance 
McGraw-Hill 


The [ 


\. Hertzeerc, H and 
onaut 
WINKLER and i Thermo 
Monatom 


Vechar 


J. POMERANT H 
f a Partiall red 
L. l. Scurrt 
J. FRENKE! 
M 
W. GORDON 
E. Fues, Am 
H. Berne, Handbuch 
L. McLean, Pi Vag 
D. H. MENZEL and I 
isir. So 
H. ALLER 
L. HIRscHret 
John Wiley, New 
R. V. MeGurReBLIAN, PA. D 
R. A. Avpuer, J. Fluid Mech. 2, 
}. W. Bonn, Jr., Phys. Rev. 105, 1683 (195 
D.R d E. Tecter, Astrophys J. 90 
Fr. L. MOHLER, Astrophy J. 90, 429 (1939 
Davy Boum, Quant Theor) 
J}. HOLTSMARK Phys. Ly 
R. GG Geophy 
Mass 
J. Ho 


Quantun 10 
Wave Me 

inn. Phy 

inn. Phys. 2, (5 

Phys. Lpz. 81, (4) 

ler Physik 24/| 

18, 845 (1934) 

A hs 


nera 


STOBBE 


PEKERIS 

77-111 (1935) 
Ronald Pres 

eR, | FF. ¢ 

York (1954) 

The Ca 


123 (1957 


i<rr 


Bir VU 


LRTISS 


| 
INGLIS ar 439 (1939) 


uw 


BREEN! 
(1955) 


Sha 


ISMARA 

Rev. M 
148, 593 () 
Phy 
THEIMER 
R. S. COHEN ar 
mom and H. Ma 


ANDRAS {AR 

Z. Phy 

d-. Hi 
ind © 


G. ECKER 
P. Desye a 
H. Horrma’ 
L. Serrzer, Jr 
B. Krvet, S. Bi 


CKEI 
126, 595 (1957) 
Phy Rey RO, 
Re , 
247 


Los 


librium ip 


270 (1957 


Phy 


26. Os (1955) 


SCHWARCZ and E. B 


Phys 
324 (1954) 

4. KANTROWITZ, J 
Te mperature n the Shock 


AFOSR 


T AMM 


cal Laborat 

dynami« 
Laboratory 
New York 


209. ¢ 


shock tube phenomena 


Alamos Scientific 


Shock Wave 


23, 2045 (1955) 


258 (1958) 


TURNER 


23, 


1390 (1952) 


Tube 
150 (May 1956) 
Interscience, New York 
Zh. Eh Te. f 

Modificatio if the Si 
AEDC-TN-S55 
Pr 


TN—S6 


nertic 
pe 


(iys55 


xt 


2w (1950) 


98. 495 (1955) 


Labor 


th an Ap} 


(1951) 


23 (5) 564 (1952) 


NAVORD Report 


itory 


; 


Tube 


1S (March | 


and One- Dimer 


4799 


Report 


Oss 


‘1 


Aberdeen Provir 


onal f 


956) 





POMERAN 


hicago Press 


f Neutror 


NAVORD Report 389? 





THE COUPLING OF RADIATION AND CONVECTION IN 
DETACHED SHOCK LAYERS? 


R. GOULARD 


Abstract —R« 


ribution 


nensional 


ve fluxes rhe first 


hown to be acceptable 
y.. planetary 


include the radiatior 


LIST OF SYMBOLS 

radial velocity gradient in the shock layer (equation 1) 
pecific heat at constant pressure 

, U., A.,, energy flux across the shock (equation 13) 
equation |4 
specific enthalpy 

nergy ratio (equation 13) 
convective heat flux to the wall 
dimensionless convection heat flux to the wall 
radiant heat flux to the wall 
dimensionless radiant heat flux to the wall gp/q, 
radial coordinate (Fig. 1) 
nose radius 
time, initial time 
absolute temperature 


7 


radial component of the air velocity (Fig. 1) 


flight velocity 
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maximum flight velocity during re-entry 
‘locity component, normal to the wall (Fig 
drag raiio 


coordinate perpendicular to the wall (Fig. |) 


antexponents (equation 
shock layer thickness 
tween the re-entry trajectory and the horizontal plane 
mass absorption coefficient 
density 


Stefan—Boltzman constant 


INTRODUCTION 
ht about the possibility of very high speed penetration 
icate considerable energy to the gas 


and radiative processes ol appreciable intensity 


These radiation fluxes have been 


nade objects as ballistic missiles and 


liation losses were only a small fraction 
nsequently, taking them into account 
properties of this flow field, notably 
yn the basis of the familiar conservation 


calculation of the radiation losses was 


ies, the radiation losses from any 

g an increasing fraction of their total 

n expect lower flow field temperatures and 
r an adiabatic (loss-less) shock layer 


estimate this efiect 


OMPRESSIBLE SHOCK LAYER MODEI 
held, cumbersome as it 1s for nonradiative 
n fluxes are included. In general, the 
term that must be included into the 


ass, Momentum and energy 





The coupling of radiation and convection in detached shock layers 


Physically, this means that the energy balance of each elementary volume of the flow field 
is conditioned by long range contributions from all other elementary volumes throughout 
the shock layer. 

In this paper, radiation losses will be considered only as a perturbation to the exact 


Detached 
— shock 





_Boundary 
ayer edge 





FIG Detached shock layer flow at stagnation 


nonradiant shock layer solutions“; we will make use of three important features of 
these solutions in the stagnation area (Fig. 1)*: 


a) The shock layer thickness 4 is much smaller at very high speeds than the radius R 


§ | 
of the body ( ). 
- R 20 


The shock layer will therefore be considered as a plane parallel layer in the stagnation 
zone 
b) The shock layer is nearly incompressible in the stagnation area 


Ces const. 


c) The velocity component along the axis of the body is nearly proportional to the 
distance from the surface of the body © 
dz 
(1) 
dt 
The value of the parameter a will be chosen to satisfy the conservation of momentum 


principle in the z direction across the shock 


a : = (2) 


* The skillful help of T. Chen and R. Murabayashi in the calculations and the illustrations shown in 
this paper is gratefully acknowledged 
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agreement with exact calculated values? and in particular with 
and Ferri” e also note the close similarity between actual 
ial flow 


THE TEMPERATURE DISTRIBUTION IN THE SHOCK LAYER 
this incompressible stagnation flow model, from the stand- 
f radiation (and also of those of chemical kinetics), 1s that for 
cases“, the time history of the particles is dependent on the 
> coordinate r (equation |) 


entering the shock layer at : 1¢ ¢. will be at z at a time f, 


(3) 


are made of the fluxes towards the wall 


xa 7T*)A z where ~ is the mass 


No self-absorption is expected from this optically thin 


‘ ] 


for body velocities higher than 

a small fraction (< 4°) of the 

the body increases to values of 

(kinetic energy neglected), the principle of 

he following two fluxes compensatet each 

57° (4) 
equations (1) and (4) yields 

(5) 

enthalpy / is a known function of the 

bution 7(z) across the shock layer. It is 


into equation (5) by using equation (2) 


(6) 





The coupling of radiation and convection in detached shock layers 


The first fraction on the right-hand side contains all the constant parameters characteristic 
of the problem under study. Its numerator E is the flux of total energy crossing the shock 
and its denominator q°, is the flux of energy radiated by an infinite plane layer of thickness 
§ at uniform stagnation temperature 7,,, across both its limiting planes. 


, YR : 
This dimensionless ratio ; is denoted by [I in this study; its role in radiant gas 


dynamics has already been recognized in their application to the problems of stellar 
turbulence®®) and radiant heat exchange“! 


Fic. 2. Energy ratio vs. velocity for different altitudes (assuming chemical equilibrium). 


The values of [ for re-entry stagnation equilibrium conditions are shown on Figs. 


and 3. They were calculated* using the emissivity estimates of 


f 


* The value of 6 used in the calculations of is that derived in 1 


0-666 [ 1] 
R . 





R. GOULARD 


r a hemispheric nose (XR 1 ft) shock layer 
7), the other fractions on the right-hand side represent in 


he variation of the temperature dependent properties, when 


F(T. T..) (9) 


<d function of 7 and equation (14) must be solved 


yns, however, a further simplification is possible 


THE CASE WHERE I l 
re-entry applications, [ is small. In this case, the 
ield large variations of temperature. We can then, in 


nal properties from their stagnation value by 


(10) 


where the average sp eal the identity 1 c.7. Introducing also 


the nondimensiona lanuu ind equation (¥) dDecomes 


'd7 





rhe coupling of radiation and convection in detached shock layers 


and after integration and determination of the integration constant at the shock: 


l 
ij 1 + (a— 8 — 3)T In z]}” (12) 
he total heat flux to the wall is the summation of the fluxes from all the elementary 


layers 
of thickness dz: 


or, in nondimensional form 


WR 


YR 
0 


Introducing a dimensionless flux qd, 


Grid’ pz and replacing JT by its value from 
equation (12) 


5, one : 3) Tin z]** dz (14) 
dR ‘ 


0 


Since T is assumed to be small, we can expand both equation (12) and the integrand 


of equation (14) as Newton polynomials, and neglect the terms in powers of T higher than 
one. Equation (14) becomes 


Gr 3 3) lim | Inzdz 


a 


ind the nondimensional radiation flux and temperature (equations 12 and 14) can finally 
be written 

3) 1 
Trinz 


Another convenient formulation ‘ the nondimensional deviations from 


T¢ 


tagnation values 


\Gx 
\7 
ire both clearly proportional to [ 


CONVECTION AND RADIATION 


Equatior (16) shows that beca Cd 
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cases, the (MR) formulas are the better approximations; agreement with the numerical 
data is good to within about a factor of two. 

lo illustrate that a certain measure of caution is required in applying the approximate 
formulas, we have made a comparison between the Bernstein—Dyson data for beryllium at 
10 eV and the (R) and (MR) formulas. In this case, the (MR) formula is superior to the 
(R) formula but it leads nevertheless to results which differ by about a factor of 10 from 
the Bernstein-Dyson data. The apparent reason for this discrepancy (as discussed in section 
III) is the existence of a “‘window”. Quite generally, the more proliferous the levels, the 
better the approximation scheme. Thus the theoretical formulas should apply reasonably 
well to high Z elements. 

It should perhaps be emphasized that the approximation formulas allow only for the 
continuous opacity. At sufficiently low densities, the bound-bound contributions are 
expected to be negligibly small; however, at higher densities, the bound-bound contributions 
may become significant.* This problem deserves special attention and is beyond the scope 


of the present discussion. 


Il. APPROXIMATE CONTINUOUS OPACITY FORMULAS 
The total linear absorption coefficient associated with the bound-free contribution from 
an m-ion (i.e., an m times ionized atom) and the free-free contribution from an (m 1) 


6) 


ion may be written as“ 


X»(xX) = aN,(m 1)? O-* e* lm F(x) (1) 
where 
16x" e® — z hy im 
a (1-6 10-2*)-2 ~ 7:: 10-16 cm? — (eV), x —,Xx (2) 
3V 3 ch (-) 


[,, is the ionization potential of the m-ion, N,, is the number density (cm~*) of m-ions in 
the ground state,* and © is the temperature in electron volts (in this paper, all energies are 
expressed in electron volts). In the following calculations, the ionization potentials have 
been taken from Moore.” For atoms and ions more complicated than those treated here, 
the labor involved is increased because of the necessity of estimating the ionization 


potentials of the contributing ions. For the excited states, the hydrogenic approximation 


(3, 6) 


is made. Thus, the frequency-dependent factor is given by 


FAX) x [2m > n~° exp ( 


oe 


The first term in the brackets represents the bound-free contribution, while the second term 
represents the free-free contribution to the absorption coefficient. In an ionized gas con- 
taining m-ions with m = 0,1,2... , the total continuum absorption coefficient is finally 


obtained by summing the contributions made by the separate m-ions. Thus, 


(XxX). 


x(x) a)" \ Vo (m 1)* e*Im f 


—_—— 


m 


* John Stewart has informed us that preliminary results for oxygen at densities ~ 10°° cm~* indicate 
that the bound-bound transitions contribute about two-thirds of the total opacity and that the fall off of 
the bound-bound contributions at lower densities is quite slow 

+ For all practical purposes, N,, equals the total number of m-ions per unit volume 
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observation that the mean number of electrons per atom is given, approximately, by the 
relationship 
{ @?? 


Te 3/9  £n 
Vim 


where 


2=m,.( 1-6 
h= 
and 
total number density (cm 


As before, © is the temperature in electron volts. The function /,, is plotted graphically by 
drawing a continuous curve through the discrete points /,,. In our notation, /, corresponds 


to the ionization level of the neutral atom. Representative curves showing the comparison 





FiG. 1. Average number of electrons per atom (7m) for! 
V (in cm~*) at various temperatures. (The dotted curve rs to results derived from 


approximation (see equation 13); the solid cur ised On ARMSTRONG S data‘? 


between m as determined from equation (13) for nitrogen, and the corresponding values 


found by Armstrong by solving the complete set of Saha equations, are given in Fig. | for 


(-) 5. 10, and 20 eV and for number densities ranging between ~ 5 107° cm-* and 10!? 
cm-*. In view of the simplicity of the approximation, the agreement must be considered 
to be satisfactory 


' t 


Raizer next evaluated the sums appearing in equations (10) and (11) by replacing the 
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sum by an integral and N,, by Nd(m m) where 6 denotes the Dirac delta function. 


scheme. along with the convention 


and : 
V2 mim |)? /- 


These are the equations derived by Raizet 
We prefer to regard the empirical relation introduced in equation (13) as being consistent 


with the Saha equation* 


4 0°? exp “ (16) 


in the following sense: the hypothetical ion species corresponding to m m + (1/2) and 


n m — (1/2) are equal in number. This statement is clearly in accordance with equation 


(13) since A mN. Using equation (16), it is now possible* to rewrite the sums occurring 


in equations (10) and (11), viz., 


1)* x expt “ (17) 
1)* expt 
ilso follows from equation (16) that 


Viz 
\ 


EXP( X= 1/0 41/2 (19) 


V5 
EXP( Xie 3:0 — Xim-1)2)- (20) 


ials appearing in equations (19) and (20) are generally much smaller than 


good approximation 


N. “ (21) 


purposes, only two terms m™ m (3/2) and m m (1/2) 
e sums in equations (17) and (18). We thus find the following result for 


» in the expression for the Planck mean 


Stical weight factors are 
Convair Physics Section for pointing out the 


(18) 





Approximate continuous opacity calculations for polyelectronic atoms at high temperatures 


Similarly, the sum occurring in the expression for the Rosseland mean is 


in 1)* exp( 
Insertion of these expressions into equations (10) and (11) leads to the following approxi- 
mations for the Rosseland and Planck means 


7:2 1086 (7/2 


N2m(m? 1/4)” 
3: 


tn 


N2m'(m 1/2)" Xym-3)2 + (m 1/2)? Xyp5-1/2 


Equations (24) and (25) are the modified Raizer formulas. 


Ill. RESULTS AND CONCLUSIONS 
Equations (14), (15), (24), and (25) have been compared with Armstrong’s results for 
the Rosseland and Planck means for nitrogen at 5 and 20 eV and for the number density 
range ~5 10° cm~* to 5 10'° cm~*. The results derived from equations (14) and (24) 
have been checked with the Dyson-Bernstein data for fluorine at 10 eV in the density 
range ~ 10”! cm~* to ~ 10"* cm~*. The relevant plots are shown in Figs. 2 through 6. It is 
seen that the modified Raizer formulas are the better approximation formulas and give 
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The Rosseland mean free path (in cm) as a function of number density (in cm 
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rom Raizer (R) and modified-Raizer (MR) approximations, respectively) 


yer 
263 





R. A. PAPPER 





‘A OZ 38 UsTBoOTIU 
JO} (g—W9 Ul) AyIsuUsp JoquINU JO UOTOUNY B se (WO UT) YVeEd 907j UROW YouRIg OU, *¢ "DL4 


¢-W2 “ALISN3O Y3IBWAN — 


99! jOl 90! 


aamnnseen 


¢-Wo “ALISN30 Y3BWAN —~ 


610! 


.” yy 


| 


og 


Ty 


‘HiVd 3384 NVIW WONV Id 





wo 


= 











- 
vo 
ee 
3 
S 
so 
— 
& 
=| 
v 
= 
r- 
= 
<= 
~ 
i] 
\) 
5 
x 
4 
& 
c 
Y 
= 
uv 
> 
° 
= 
be 
& 
- 
c 
5 
=) 
= 
Ss 
3 
= 
s 
2) 
* 
a} 
oso 
o. 
) 
~ 
3 
= 
=) 
3 
Cc 
i=} 
Cc 
} 
9 
vv 
2 
5 
2 
* 
— 
c. 
a. 
< 





(¢g)NOSAC] PUB NIGISNWIG AQ POALJOp $)]NSa1 


jeou3swnU OF S191 C- UOoNeUsISosp oy]) 


AD OQ] Je uO U 
WD Ul) A}ISUOD Joquinu 10 


(UID Ul) Wed 901) UPOW PUR]ISSOY 9U] 


W2 “ALISN3O BIBWAN —- 
6 . ) 


“TT TTTTN ¢ 














Approximate continuous opacity calculations for polyelectronic atoms at high temperatures 


agreement to about a factor of two with the numerical results. However, more important 
than the difference between the (R) and (MR) approximations, is the fact that either set of 
equations provides reasonable estimates for the Rosseland and Planck means in high- 
temperature gases 

In conclusion, we wish to insert a word of caution. In Fig. 7 we have shown a comparison 


between the Bernstein-Dyson results for beryllium at 10 eV and the corresponding results 








Fic. 8. The product of absorption coefficient x (x) and density (9) as a function of x hv/kT 


for beryllium at 10 eV for a mass density 5-86 10* g/cm* (from BERNSTEIN and Dyson ®), 


obtained from equations (14) and (24). The reason for the large discrepancy in this case 
is a ““window”’ for values of x = Av/@ > 2 (see Fig. 8). One of the significant approximations 
involved in establishing the equations for the Rosseland mean ‘equations (14) and (24)) is 
contained in equation (8). This relation should be used only if at least one of the ions which 


contributes significantly to the opacity has bound levels in the interval 2 < x < 8; other- 


wise (compare Fig. 7) the approximation formulas will seriously underestimate the 


Rosseland mean 
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RADIATION FROM HOT NITROGEN* 


R. A. ALLEN, J. C. Camm, J. C. KECK 


Avco—Everett Research Laboratory, Everett, Mass 
(Received 5 July 1961) 


Abstract—The equilibrium radiation emitted by shock heated nitrogen has been studied in the wavelength 
range 3300 to 7100A at an equilibrium temperature from 6000°-7000°K and densities 0-01 to 0-20 times 
atmospheric. Identification of the various radiating band systems was accomplished by spectroscopic 
techniques. The absolute intensity versus wave length profile at thermodynamic equilibrium was obtained 
using photometric methods. By comparing this profile with theoretical predictions, the electronic /-number 
for the N,*(1—) system was found to be 0-09 + 0-05. CN and O, contamination effects were also investi- 
gated. By studying the density dependence of the radiation, the collisional deactivation cross-section for 
this band was found to be greater than 10-'° cm? 


I. INTRODUCTION 
RECENT interest in the field of hypersonic aerodynamics and atmospheric physics has made 
necessary the quantitative understanding of optical radiation from air. The versatility of 
the shock tube for making spectroscopic study of hot gases has already been shown by 
many workers, and a method of obtaining electronic transition probabilities for molecules 
has been demonstrated by KEcK ef a/.“) in studies made of air. 

This paper describes a study of the radiation from shock heated nitrogen which was 
undertaken as a preliminary step in an experiment to determine the dissociation rate of 
nitrogen. Photographic and spectroscopic methods were employed to examine the gross 
characteristics of the shock and to identify the various radiating species. Absolute intensity 
measurements were made so that theory and experiment could be compared. These intensity 
measurements are presented graphically along with the theoretical calculations based on 
the known existing electronic transition moments published by other workers. Oxygen and 
CN contamination effects on the equilibrium radiation were investigated quantitatively as 
well as qualitatively and comparison between the observations and theory was made. 


Il. EXPERIMENTAL EQUIPMENT 
A schematic diagram of the shock tube, recording equipment and optical arrangement, 
is shown in Fig. |. The shock tube has a 15 ft pyrex test section of 1-5 in. inside diameter. 


The high pressure driver section was separated from the low pressure test section by a steel 


diaphram. The driver was of stainless steel 3 ft long and 1-5 in. inside diameter. The test 
section was evacuated by an oil diffusion pump prior to introducing the test gas. Pressures 
of less than 2-0 u of Hg and virtual leak rates of less than 1-0 u of Hg per min were obtained. 


* This work has been sponsored jointly by the Air Force Ballistic Missile Division, Air Research and 
Development Command, under Contract AF 04(647)-278 and by the Advanced Research Projects Agency 
monitored by the Army Rocket and Guided Missile Agency, Army Ordnance Missile Command, under 
Contract DA-19-020-OR D-4862 
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\ flow system was used to minimize impurities due to out gassing of the apparatus. Also 
used was a liquid nitrogen cold trap to remove water vapor from the N, 


in the test section was measured by 


Initial pressure 


a manometer with an estimated maximum error ol 
0-4 per cent 


lhe shock speeds were measured by observing with a single photomultiplier the radiation 
from the shock as it p 


it passed a series of six equally spaced slits arranged 10 in. apart along 


the last half of the shock tube. The output of the photomultiplier was doubly differentiated 
folded oscilloscope sweep 


A speed profile 


} lie Was constructed and tl 


ind displayed on a which was normally read to the nearest 0-4 


e velocity 


at the test point was determined 
with a maximun 


l I about | | At the position in the shock where the 
equilibrium measuren ‘re ide [ n intensity measurements due to attenua- 
tion was less than 


EXPERIMENTAL RESULTS 


of a typical shock wave as it passes the test 


onset of radiation Also the photo shows 


SCL 


[his gives strong evidence that the test 


Note that because of the circular cross-section 
ube a is, the radiation is stronger at the center 


e walls profile taken with a photomultiplier, the 


2c shows the radiatior 
resolution of which was 0-13 u sec, and filter, the wavelength response of which was in the 


0-55-11 region. Here the radiation is obser‘ 


ved to rise to peak value in less than a half 


sec and then decay to an equilibrium value which remains relatively constant for approxi- 
mately 15 u sec and then is terminated by the driver gas interface. Generally a slight increase 
in equilibrium intensity was observed as one moved back in the shock because of attenuation 
effects. This phenomenon would be expected since as one moved back from the shock front, 
one would be looking at gas which had been heated to a higher temperature than that gas 
which is observed nearer the shock front 


In order to be certain of the origin of the radiation being studied, spectra were taken of 
the shock waves using the race track techni 


ques reported by Rosa’. Typical race track 





6-35mm/us 


8p. 


Fic. 2. (a) Time resolved photograph of normal shocks in nitrogen. (b) Race track spectro- 


grams of shock waves in nitrogen. The overshoot and equilibrium radiation of the N,*(1—) 


radiation is clearly identified. (c) Oscillogram record of radiation observed in the 0-55-1-1 u 
region showing the radiative overshoot and relatively flat equilibrium region. All pictures 


on the top line are scaled to the same shock thickness 











Spectrogra Ola } t t rograph perpendicular to of shock tube 


passage of a ‘-l mn } throu nitrogen at a pressure of The CN 


» the shock tube walls 





Radiation from hot nitrogen 


spectrograms with the radiating species identified are presented in Fig. 2b. Most of the 
radiation is seen to be due to N} molecules, and small amounts due to impurity CN and 
NH molecules. Attempts to reduce the impurity level provided evidence that most of the 
CN molecules were at, or near the walls of the pyrex tube. This was verified by the sp 


gram shown in Fig. 3. The fact that the radiation intensity from Nj} appears to diminish 


near the edges of the tube shows that NJ molecules are evenly distributed across the tube, 


while the fact that the radiation from CN is most intense at the edges of the tube proves 
that the CN molecules are more dense along the walls of the tube. 
For 4-7 mm/y sec shock waves in pure nitrogen at initial pressures from 


20-1-0 mm 
Hg, the Nz (1—-) and N, (1+) radiation was observed to rise abruptly at the onset of the 
shock front to a peak value then decay in a few u sec, corresponding to a temperature 
relaxation to an equilibrium level. This equilibrium level was observed to remain relatively 
constant for approximately 15 u sec until the passage of the driver gas interface. Radiation 
from impurities was observed to be confined mainly to the shock tube walls. 


IV. MEASUREMENTS 

Apparatus and calibration 

Measurements of the spectral intensity at equilibrium were made using a calibrated 
dual-channel grating monochromator. The experimental apparatus is shown schematically 
in Fig. 1. The entrance slit of the monochromator was imaged perpendicular to the shock 
tube at the center of the test gas by an optical train consisting of two aluminized mirrors. 
The monochromator was equipped with three photomultipliers; two which measured the 
radiation intensity in adjacent narrow wavelength bands selected by the monochromato1 
and the third which monitored a fraction of the radiation passing through the entrance slit. 
Dumont 62 
to Tektronix 545 oscilloscopes equipped with 53K/54K preamplifiers. 

Calibration of the complete optical train including shock tube windows and appropriate 


92 and K1292 photomultipliers were used, and their outputs were fed directly 


filters to prevent overlapping of orders was made using a secondary standard tungsten 
ribbon filament lamp which had been compared against a primary standard. The brightness 
temperature of the primary standard lamp was given as a function of lamp current at a 
wavelength of 6530A by the National Bureau of Standards. The spectral intensity of the 
lamp was calculated at other wavelengths using data on the emissivity of tungsten given by 
DeVos“?’. The secondary standard lamp was placed permanently in position on the mono- 
chromator stand with a front surfaced aluminized mirror which could be swung into 
position in front of the shock tube in order to image the tungsten ribbon filament at the 
entrance slit of the monochromator. A section of shock tube was placed in the spectral 
path directly in front of the lamp to correct for transmission of light through the shock tube 
wall. The calibrated secondary lamp was used to calibrate from 3300A to 7100A and 
frequent checks were made on the calibration of the system. Thus, error due to voltage and 
photomultiplier drift was essentially eliminated. 

Ihe brightness temperature of the primary and secondary standards were checked using 
a Leeds and Northrup optical pyrometer. The temperatures checked to within 9° of that 
given by the National Bureau of Standards. The total maximum reading error of absolute 
intensity measurements was +-15 per cent. 

The monochromator was calibrated for wavelength with a mercury lamp. The error in 


setting the monochromator was + 5A 
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Figure 4 shows absolute intensity measurements in the 3300A-7100A region of the 


equilibrium radiation from shocks in pure nitrogen at an initial pressure of 1-0 cm Hg. 
Since all the runs were not at exactly the same shock speed, they were extrapolated to 4°85 
mm) sec equivalent to an equilibrium temperature of 6300°K as obtained from FELDMAN’S 
tables.“ The variation of intensity with shock speed given by the theory outlined in 


reference (1) was used as a guide in this extrapolation. For each run there were two measure- 


ynochromator channels—one represented by the solid triangle in Fig. 4 
he open circles. Short lines are used to connect the two intensity measure 

each run 
lines superimposed on the experimental points are obtained using the 
outlined in reference (1), and are based upon the concentration of species in the 
absorbing state, the spectral distribution function averaged over the wavelength interval 
observed, the absolute temperature and the electronic /-number. The solid segmented line 
is the theoretical spectral distribution based on f-numbers reported elsewhere“? for the N; 
l—) and N, (1+) systems. The dashed segmented line is the theory using the /-number 
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reported by BeNNeT and Da.tsy for the Nj (1—) system. The discrepancy in the 0-52 u 
region was attributed to a small amount of scattered radiation 


C. Shock speed dependence 
rhe problem of extrapolating the equilibrium radiation to obtain the spectral distribu 
tion at a given temperature as well as understanding attenuation effects makes the optical 
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SHOCK SPEED mm/sec 
Fic. 5. Intensity of two adjacent monochromator channels versus shock speed in the N,*(1—) 
region comparing experimental observations with theoretical predictions based on the /-number 
of the N,*(1—) system reported by Keck ef al (0-18) and Bennet and Da.sy‘®’ (0-0348) 


intensity dependence on shock speeds of interest. Shocks with the same monochromator 
setting were run at various shock speeds and are displayed in Fig. 5. Theoretical lines are 
constructed using the /-numbers for the NJ (1—) system reported by both Keck ef a/. and 
Bennet and Dalby. It is upon these theoretical curves that the extrapolation in Fig. 4 is 
based. From this curve it can be seen that | per cent change in shock speed produces 


approximately 19 per cent change in radiant intensity of the NJ (1—) system 


D. Effect of impurities 
The presence of CN contamination has always been a problem in shock tube experiments 
and there has been much effort to eliminate it by such measures as using a pyrex shock tube 
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with initial pressures of 0-1 cm Hg as compared with runs made with initial pressures of 
1-Ocm Hg. With the observation that these runs at 0.1 cm Hg were not collision limited, 
a minimum limiting value for the collisional deactivation cross-section can be determined 
based on the relations given by Keck et a/.“’. The results show that collisional deactivation 


cross-section is greater than or equal to 10-'° cm for the Nj (1—) system and 10-'* cm 


for the N, (1 +-) system 


ELECTRONS, MOLE FRACTION 


2 


P =icm 
2» P\=lemHg 


Fic. 6. Intensity difference across 3914 N* (1—) band head versus oxygen contaminatior 


The two theoretical lines are based upon the /-number reported by Keck ef al."'’ (0-18) and 
BENNET and Da.sy‘®? (0-0348). The depressing effect on the N,* radiation by excess electrons 


lemonstrated here since NO readily dissociates to NO~ ande 


>a 


Electronic {-numbers 


Following the method outlined by Keck et a/."?, an electronic f-number of 0-09 + 0-05 


for the Nj (1—) system was determined by fitting the data in Figs. 4, 5 and 6. Although 


some data were obtained in the wavelength region of the N, (1+) system, it was not 


considered sufficient to warrant a detailed analysis. As can be seen in Fig. 4, however, the 


data which were obtained are a little lower than expected for the /-number of 0-025 reported 


by Keck er al. which suggests that this value may be a little high. It was not possible to 
) radiation in these experiments due to the fact that 


obtain any information on the N, (2 
the radiation from this band system is very small in the wavelength region covered. 
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The value of 0-09 + 0-05 for the /-number of the N> (1—) system determined in this 
study lies between the values of 0-18 +- 0-09 reported by Keck ef a/. and 0-0348 0-002 


reported by Bennet and Dalby. It, therefore, does little to resolve the question as to which 
of the previous values is to be preferred. Since the method of this experiment is the same 
as that of Keck et a/. the comparison of these two experiments does not give any information 
on the validity of the method but is primarily a check on the unfolding procedure used in 
the earlier experiments, and the general cleanliness of the shock tube. In this regard, it is 
felt that the most likely explanation of the larger f-number reported by Keck ef al. is 
associated with the difficulty of eliminating impurity radiation from CN in the stainless steel 
shock tubes employed. With reference to the measurements of Bennet and Dalby we note 
that their method involves an observation of the decay time of the radiation from the N; 
(1—) system and is completely independent of the method employed here. Although it is 
difficult to find fault with their technique, there is the possibility that in a highly non- 
equilibrium situation, the population in the radiating state may be fed from higher states 
thus increasing the apparent lifetime and leading to a low /-number 

In concluding this discussion we should like to comment on a few of the problems 
associated with the use of the shock tube technique employed in this experiment for making 
f-number determinations 

First, there is the problem of precisely determining the gas temperature. The tempera- 
tures used in this study were obtained from FELDMAN’s tables“ and are based on the 
continuity, momentum and energy equations across the shock front and an equation of 
state which assumes full thermodynamic equilibrium. PARKINSON and NiCHOLLS™, by 
spectroscopic methods and the use of “thermometric”’ molecules, obtained rotational 
temperatures in shock heated gases which are slightly lower (10-15 per cent) than the gas 
kinetic temperatures calculated from the shock velocities. Although it is our opinion that 
the method employed by us is the more accurate, we should like to point out that the 
assumption of a lower temperature would lead to higher apparent /-numbers further 
increasing the discrepancy between the shock tube measurements and those of Bennet and 
Dalby 

Second, there is the problem of accounting for effects of shock speed attenuation and 
boundary layer growth. The results of this study were relatively free of attenuation effects 
as indicated by the measured shock speeds and the flat region of radiation behind the shock 

1t which rose only slightly until passage of the driver gas interface. This flat region of 
the equilibrium radiation and the fact that CN radiation in pure nitrogen shocks was 
observed to be confined along the shock tube walls also indicates that the test region was 
free of boundary layer effects 

Finally, there is the problem of dealing with impurities. By purposely introducing 
impurities, several possible sources of experimental error were found to be negligible. 
There was no CN red contribution to the N, (1 +) radiation in a CN contaminated shock. 
Although the violet bands radiated strongly in the NJ (1—) region, the NJ (1—) radiation 
intensity could still be effectively measured in these contaminated runs by observing the 
radiation away from the CN violet bands. The depression of the Nj (1—) radiation by 
excess electrons was studied by introducing small amounts of oxygen into the test gas. The 
observed effect was that which was predicted based on the equilibrium concentrations” of 
the various species and the gas kinetic temperature. The results indicate that the pure 


nitrogen runs were free of excess electrons 
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